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Abstract

Suspicions that the world might be some sort of a machine or algorithm existing “in the mind” of some symbolic
number cruncher have lingered from antiquity. Although popular at times, the most radical forms of this idea never
reached mainstream. Modern developments in physics and computer science have lent support to the thesis, but empir-
ical evidence is needed before it can begin to replace our contemporary world view.
© 2005 Elsevier Ltd. All rights reserved.

1. Historical notes

In a broad context, the development of rationalism, the enlightenment and science can be perceived as an awak-
ening from the illusory world of the senses (Maya in Sanskrit); as a growing awareness that “facts’” which once were
perceived as self-evident turned out to be utterly wrong. Humanity once took it for granted that it was located at the
epicentre of the Universe. A closer inspection revealed that there is no ground to claims of any preference in location:
Earth is conveniently situated in a solar system of a remote part of our galaxy, which in turn is part of a group of
galaxies and of the physical Universe as we perceive it today. People also trusted that their bodies are made-up of
solid stuff. Later on they learned that, as their bodies consist of atomic and subatomic “point” particles, things only
appear to be solidly filled, but in another perspective, space is “‘almost empty.”” Time turned out to be relative to the
motion of observers, and single “particles” such as photons and neutrons, seemed to be at two or more spatial posi-
tions at once. On another issue, people previously thought that they have been created in a different way than other
species. As it turned out, from a biological point of view, mankind evolved and spread just like locusts and everyone
else around. This is corroborated not only by phylogenetic evidence, but by analysis of the very DNA code that con-
stitutes the genetic heritage and blueprint of our ancestors and of all living beings. Indeed, the DNA itself turns out
to be a biochemical code running on cellular computers to the effect of creating, maintaining and reproducing the
organism of which it is a part.

Further disillusionments may lie ahead. Consciousness is still an “undiscover’d country,” and may be it is just a
manifestation of neuronal brain functions. Or, consciousness may be just the opposite: transcendental. Despite the
achievements of Freud, certain dream phases are barely understood. Artists have speculated that we are “fleshware”
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units inside of a simulation-computation-game that appears gigantic or even infinite to us. Who knows, we might have
even paid for to live a life in the twenty-first century in a beyond fair. That is to say, we might be embedded in a literal
“game” that we chose to pass the time. To make things more realistic, all memories of the our life in the beyond might
have been erased from our immediate memories. | Maybe the “meaning” of our world is rather trivial; like the simu-
lation of marketing measures for a beyond world. > As computers have begun to permeate our societies, it is no wonder
that the “universe as a computer’” metaphor for the physical Universe has attracted increasing attention. Perhaps some
day our own technology could achieve such visions, and put it to our practical use. >

In antiquity, Pythagoras (6th cent. B.C.) “considered numbers as the essence and principle of all things, and attributed
to them a real and distinct existence; so that, in his view, they were the elements out of which the universe was constructed”’
(from Bulfinch [5]). Plato’s (c. 427—c. 347 B.C.) emphasis in geometry, in particular his dictum “God geometrizes” * was
interpreted by Gauss (1777-1855) as “o theos arithmetizei,” or “God computes.” The vision of a clockwork universe is
probably best characterized by the (probably apocryphal) story, that when Laplace was asked by Napoleon how God
fitted into his secular system of Mécanique Céleste, he replied [6, p. 538], “I have no need for that hypothesis™. >

In his famous lecture delivered before the International Congress of Mathematicians at Paris in 1900, Hilbert (1862—
1943) enumerated twenty-three problems, among them the compatibility of the arithmetical axioms (#2), the mathemat-
ical treatment of the axioms of physics (#6), and the determination of the solvability of a diophantine equation (#10). ®
Godel (1906-78), as well as Turing (1912-54) contributed towards the (negative) solution of #2 and #10. They pursued
a formalization of mathematics by coding of axiomatic systems, either by the uniqueness of prime factorization or by
their representation as (universal) computer programs. ’

For the first time in human history, we are able to articulate precisely what we mean when discussing computations.
Turing’s universal computer model is modelled after the syntax of everyday pencil and paper operations which children
learn at school. The paper lines are unwound into a tape, and whatever rules there are for computing can be represented
by the combination of tape, finite memory and simple read-write operations of the Turing machine.

The notion of universal computation is robust in the sense that any universal computer can emulate any other uni-
versal computer (regardless of efficiency and overhead), so that it does not really matter which one is actually imple-
mented. In a sense, the entire class of universal computer counts as a single computer, because they are all
equivalent with respect to algorithmic emulation of one another.

Robustness is a very important concept for the matter of computational universes, because it is not really important
on which particular models or hardware these universes are implemented; they are all in the same equivalence class.
Apart from the translation from one coding scheme to another, each one of them is equivalent to the entire class.
So, when it comes to their generic properties, it is not really important whether automaton universes are modelled
to be Cellular Automata, Turing Machines, colliding billiard balls [8], or biological substrates. All of this means that
one is free to choose whatever computational model suits best the particular purpose one has in mind.

! This is mind-body dualism in a new form. For a concrete mind-brain interface model, see for instance Eccles’ proposal [1]. In this
view, what appears to us as the physical world is just a simulation-computation-game; and the mind(s) of the player(s) is (are)
transcendental with respect to the characters in this emulation. Note the phrase “we are the dead on vacation” in Godard’s film
Breathless.

2 This is the theme in Galouye’s 1964 novel Simulacron 3; the novel stimulated Fassbinder’s Welt am Draht, as well the recent movie
Thirteenth Floor. Somewhat related scripts are those of Total Recall and Matrix. In Contact, Sagan mentions the “Zoo hypothesis”
claiming that there is somebody (in this case aliens) watching us for ethnographic or other reasons. Philosophical speculations include
Rene Descartes’ world-as-a-lucid-dream vision [2, Meditation 1,9], and Putnam’s brain-in-a-vat metaphor [3]; see also
http://whatisthematrix.warnerbros.com.

3 There is a possibly apocryphal story [4, p. 127] that, when asked by his Prime Minister Peel or by the Chancellor of the Exchequer
Gladstone about the usefulness of his findings, Faraday responded, “Why, sir, there is the probability that you will soon be able to tax
ir.”

* In Convivialium disputationum, liber 8, 2, Plutarch stated, “Plato said God geometrizes continually.”

3 In his memoires written on St. Héléne, Napoleon states that he removed Laplace from office as Minister of the Interior [6, p. 536]
after only six weeks “because he brought the spirit of the infinitely small into the government.”

° http://babbage.clarku.edu/~djoyce/hilbert/problems.html.

7 In a postscript dated from June 3rd, 1964 [7, p. 369-370], Godel’s opinion is clearly expressed, ... due to A. M. Turing’s work
[ [on the universal Turing machine] ], a precise and unquestionably adequate definition of the general concept of formal system can now be
given, the existence of undecidable arithmetical propositions and the nondemonstrability of the consistency of a system in the same system
can now be proved rigorously for every consistent formal system containing a certain amount of finitary number theory. ... Turing’s work
gives an analysis of the concept of “mechanical procedure” (alias “algorithm” or “‘computation procedure” or ‘‘finite combinatorial
procedure”). This concept is shown to be equivalent with that of a “‘Turing machine.” A formal system can simply be defined to be any
mechanical procedure for producing formulas, called provable formulas.”
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Godel, Tarski, Turing and Chaitin, among others, revealed that, stated pointedly, mathematical “truth’ extends for-
mal “provability.”” Mathematics is incomplete, and there always will be true theorems about a particular formal system
of axioms (sufficiently rich to contain arithmetic), such as consistency, which are not provable “from within” that
system. 8

Wigner considered “the unreasonable effectiveness of mathematics in the natural sciences” [10], which is usually taken
for granted but which, upon inspection, seems unfounded. One obvious solution to this bewilderment seems to be the
Pythagorean assumption that numbers are the elements out of which the universe was constructed; and what appears to
us as the laws of Nature are just mathematical theorems or computations. Notice that, whereas Gddel once and for all
settled the question of a complete finite description of mathematics to the negative, the question of whether or not a
finite mathematical treatment of the axioms of physics exists (Hilbert’s problem #6) remains open.

Another thread was opened by Edward Moore. Puzzled by the quantum mechanical feature of complementarity,
Moore conceived a finite deterministic model of complementarity capable of being run on a computer [11,12]. This for-
malization of complementarity, not in terms of Hilbert space quantum mechanics, but by constructive algebraic, even
finitistic, means, may be perceived as the continuation of the Turing program to formalize the notion of “algorithm” or
“‘computation” by conceptualizing it as a concrete machine model.

In another development, Von Neumann (preceded by Ulam [13]) constructed a two-dimensional cellular array of
finite deterministic automata which are connected to their neighbours such that the state of each one of these automata
is determined by the previous states of itself and of its neigbours [9]. He was able to show that such cellular automata
(CA) could not only be in the robust class of universal computers, but that entities inside such arrays could reproduce
themselves by holding their own descriptional code and the algorithmic means to construct identical copies of
themselves.

Stimulated by Von Neumann’s concept of CA, Konrad Zuse, the creator of one of the first general purpose digital
computers, suggested to look into the idea that physical space itself might actually be such a ““calculating space”
(“Rechnender Raum”) [14-16]. In this view, the physical objects exist as computational entities immersed in such a
computational medium. Zuse became fascinated by the idea of going beyond quantum mechanics in discretizing phys-
ics, ° a vision he shared with the late Einstein '° and many researchers, among others Fredkin, Toffoli, Margolus, and
Wolfram. An interesting space—time theory following these pioneering works is due to Mohamed Eluaschie [120-122].

Fredkin and Toffoli investigated reversible CA, in which the global temporal evolution can be inverted uniquely.
That is, any CA configuration has a unique predecessor and a unique successor. Note that, if the evolution is a bijective
map; i.e., is one-to-one for every single cell, then the global array is a reversible CA as well. (The converse need not be
satisfied.) For a concise account '! the reader is referred to the reviews by Toffoli and Margolus [19], Fredkin [20] and
Wolfram. '? In a reversible world, nothing is lost or gained; and all revelations are permutated back and forth. In this
sense, the very concept of question and answer, of problem and solution, of past, present and future, and thus of a
directed “lapse of time,” remains relative, subjective and conventional [23].

8 Godel’s own thoughts on the interpretation of his results are formulated very nicely in a reply to a letter by A.W. Burks, reprinted
in [9, p. 55, “I think the theorem of mine which von Neumann refers to is ... the fact that a complete epistemological description of a
language A cannot be given in the same language A, because the concept of truth of sentences of A cannot be defined in A. It is this theorem
which is the true reason for the existence of undecidable propositions in the formal systems containing arithmetic. I did not, however,
Sformulate it explicitly in my paper of 1931 but only in my Princeton lectures of 1934. The same theorem was proved by Tarski in his paper
on the concept of truth ...”

° Quantum theory just discretizes the number of quanta within a mode, yet the modes themselves are still continuous.

19 1n [17, p. 163], Einstein states, “There are good reasons to assume that nature cannot be represented by a continuous field. From
quantum theory it could be inferred with certainty that a finite system with finite energy can be completely described by a finite number of
(quantum) numbers. This seems not in accordance with continuum theory and has to render trials to describe reality with purely algebraic
means. However, nobody has any idea of how one can find the basis of such a theory.”

1 Reversibility of CA should not be confused with Bennett’s strategy to produce “reversible” calculations from irreversible ones by
temporarily copying their intermediate results and permanently copying their final result, thereby setting the computing agent to its
initial state, as well as retaining the result of the computation [18]. Any such operation must necessarily allow for copying; i.e., for a
one-to-many evolution, which is clearly not meant here.

12 Wolfram recently self-published a long-awaited and widely publicized book which, among other issues, deals with some of the
rules categorized for one-dimensional automata [21] and their conceivable physical applications. It has been received ambivalently with
reviews ranging from the author doing nice computer graphics to becoming the biggest physics guru of all times [22]. Wolfram has
attracted a lot of attention for this subject; and it can only be hoped that the many claims made in this opus will not deter others.
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2. Intrinsic randomness and undecidability

Contemporary theoretical physics postulates at least three types of randomness: (i) the “chaotic” randomness
residing in the initial conditions, which are assumed to be “drawn” (via the postulated axiom of choice) from a
“continuum urn.” Almost all elements of the continuum are nonrecursively enumerable and even random; i.e.,
algorithmically incompressible [24-26]; (ii) the random occurrence of individual quantum events such as a detector
click; (iii) complementarity; i.e., the impossibility to measure two or more observables with arbitrary precision at
once.

2.1. Computational complementarity

As already mentioned, Moore [11] invented (parts of) finite automata theory to formalize and model physical com-
plementarity. Research in this area became totally separated from its original physical perspective and developed into a
beautiful algebraic theory of its own [27]. Finkelstein [28] rediscovered Moore’s paper and coined the term “‘computa-
tional complementarity.” Its concrete logico-algebraic structure has been investigated by the author in a series of papers
with Calude and coworkers [29-32], also in the context of reversible computation [33,34]. Automaton logic turns out to
be logically equivalent [35] to generalized urn models [36,37], indicating that the associated logico-algebraic structure is
more robust than could be assumed from those single model types alone.

Arguably, the simplest automaton model featuring complementarity is a finite (Mealy) automaton in which the sets
contain three internal states S = {1,2,3}, three input symbols 7 = {1,2,3}, and two output symbols O = {0, 1}. Let, for
s € S, i €1, the (irreversible “guessing”) output function be A(s,7) = d,. The (irreversible) transition function just steers
the automaton into a state corresponding to the input symbol; i.e., (s, i) = i. The problem of finding an unknown initial
state by analysis of experimental input-output sequences yields a partitioning of the internal states {{1},{2,3}},
{{1,3},{2}}, and {{1,2},{3}}, according to the input 1,2, and 3, respectively. Every one of the partitions constitutes
a Boolean algebra whose elements are comeasurable. The pasting of these three Boolean algebras along their common
elements (in this case just Pand {1,2,3}) yields a nonclassical, nondistributive logical structure M Os, which is also real-
ized by the algebra of propositions associated with the electron spin state measurements along three different directions.

A systematic investigation shows that the logico-algebraic structures arising from computational complementarity
are very similar to those encountered in quantum logics [32, Sec. 3.5.2]. In particular, any finite quantum (sub-)algebra
can be represented as an automaton logic and thus can be modelled with a finite automaton. Clearly, infinite quantum
structures, such as the continuous “Chinese lantern” lattices MO, involved in electron spin state measurements in con-
tinuous directions, or quantum contextuality, cannot be modelled with a finite automaton.

Reversible finite automata have been introduced by the author [33,32,34] as Mealy automata whose input and out-
put symbols are identical. Consider the Cartesian product S x I of the set of automaton states S with the set of input
symbols 7, arranged in vector form SI= ((s,7;),...); as well as the Cartesian product S x O of the set of automaton
states with the set of output symbols O, again arranged in vector form SO = ((sy,0;),...). The transition and output
functions and thus the automaton computation can then be formalized by a matrix multiplication SO = SI- P, where
P is the matrix associated with the combined transition and output function P:SI— SO. Reversibility implies that
these matrices P are permutation matrices (i.e., every row and every column contains exactly one entry “1,” all other
entries are zeroes).

The most general probabilistic state of all reversible Mealy automata associated with a particular matrix “dimen-
sion” can be represented as the weighted convex sum over all permutation matrices of this dimension. The result is
a doubly stochastic matrix (i.e., the sum of the real components of every row and column adds up to one). Formally,
let ¥: SIXxSO —[0,1] be the transition probability. The convex sum of all transition probabilities is one; i.e.,
ZS[,S()‘//(SIaSO) =1L

A modification of this model, according to Fortnov [38,39], captures the class BQP, the class of efficiently quantum
computable problems. The modification is twofold: first, the weighted sum over all permutation matrices contains coef-
ficients y, called “probability amplitudes,” which take on arbitrary rational values including negative values. Secondly,
in order for the “quantum” probabilities to be positive, the probability amplitudes yy have to be squared. These two
modifications—negativity and square values—mark a demarcation line between quantum and classical computation.

Although computational complementarity will not be reviewed any further here, it should be mentioned that Moore
conceptualized input/output experiments on finite automata, making a distinction between “intrinsic’’ cases where only
one automaton is available, and those in which an arbitrary number of identical copies are accessible. In the latter case,
there is no complementarity, because after any experiment it is always possible to dispose of the used automaton and get
a fresh automaton copy for further experiment(s).
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The intrinsic, embedded, case is the one experienced in physics, because the observer cannot escape and always is
part of the (“Cartesian prison” [2, Meditation 5, 15]) system. Due to restrictions in copying and cloning, it is not pos-
sible, for instance, to obtain an identical copy of a single photon or electron in a nonclassical state. And only in the
single automaton case there is a chance to experience complementarity, for only in this case it may happen that, after
answering to some query, the automaton undergoes an irreversible transition, making it impossible for the experimenter
to probe a different observable (and vice versa). Reversibility does not change the picture, since if both the observer and
the observed object were immersed in a reversible environment, then the experiment could be “‘undone’ and the original
automaton state reconstructed only at the price of loosing all the information gathered so far [40]. This is an analogue
to the quantum eraser experiment [41] and other setups (e.g., [42]) developed for demonstrating the feasibility of a
reconstruction of quantum states.

Bear in mind that complementarity is not only a feature of exotic finite models which were specially crafted for this
particular purpose. Since these finite models represent a subset of objects that can be simulated by any universal com-
puter, such as a CA or a Turing machine, complementarity is, in a sense, a generic and robust property of all compu-
tational universes.

2.2. Intrinsic undecidability

The quest to translate Gédel-Turing type recursion theoretic undecidability into physics has a long history. Godel
himself did not believe that his results have any relevance for physics, at least not for quantum physics. '* Early on,
Popper speculated about limits of forecast in the light of these findings [44]. More recent undecidability results are based
on physical configurations which are provably unsolvable through the reduction to the halting problem (e.g., [45-47]).

Indeed, since the Turing machine is modelled after a paper and pencil real world scenario, universal computers can
be embedded into certain physical systems capable of universal computation. Undecidabilities can then be obtained al-
most as a “free lunch;” i.e., by reduction to the recursive unsolvability of certain prediction problems, such as the halt-
ing problem.

So, why do people such as Casti, '* who had been very interested in the subject, consider this issue as a “red her-
ring?”’ Maybe because so far not a single problem of relevance in physics not constructed for this particular purpose
is provably undecidable.

2.3. Continuum versus discrete physics

The conceptualization of the number system—from just a few finger counts to the natural numbers, the integers,
rationals, reals [50] and further on to complex numbers, quaternions and hyperreals is undoubtedly one of the most
beautiful and greatest achievements of humanity. Nevertheless, as more and more abstractions enter these great pat-
terns of thought, one is compelled to question their practical physical relevance. Clearly, for instance, infinite divisibility
(from the rational onwards) and continuity (from the reals onwards) find strong pragmatic justifications by their appli-
cability to almost all branches of theoretical physics, including quantum mechanics. Even so, some doubts as to the
appropriateness of transfinite concepts in physical modelling remain [51]. Let us state the following correspondence
principle between physical phenomena and their models [52]: every feature of a computational model should be reflected
by the capacity of the corresponding physical system. Conversely, every physical capacity, in particular of a physical the-
ory, should correspond to a feature of an appropriate computational model.

Nature does not seem to allow Zeno squeezing [53-59,29,33] and other transfinite processes. It could therefore be
conjectured that, as physical systems do not possess adequate transfinite capacities, only finite computational models
ought to be acceptable for theoretical modelling. This still admits universal computation and finite automata, but it
wipes out classical, nonconstructive continua.

Having said this, there may be some indication of absolute randomness involved in certain quantum measurements,
though. Suppose a single electron is prepared in a particular spin state in one direction 0,. Assume further that its spin

13 In [43, 140-141], Bernstein writes, Wheeler said, “I went to Gddel, and I asked him, ‘Prof. Godel, what connection do you see
between your incompleteness theorem and Heisenberg’s uncertainty principle? I believe that Wheeler exaggerated a little bit now”. He
said, ‘And Godel got angry and threw me out of his officel” Wheeler blamed Einstein for this. He said that Einstein had brain-washed Godel
against quantum mechanics and against Heisenberg's uncertainty principle! (The author has asked professor Wheeler and got this
anecdote confirmed.)

14 Casti (co-)organized two conferences; one in Santa Fe [48] and one in Abisco [49], bringing together many who were interested in
this issue at the time.
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state is not measured in this particular direction, but in another direction 6,,. Then quantum mechanics predicts that the
probability that identical spin states are measured is cos?[(6, — 6,,)/2]; for a nonidentical result the probability is
1 —cos?[(0, — 0,,)/2] = sin*[(0, — 0,,)/2] (classically, one would expect linear dependencies on the measurement angles,
suchas 1 — |0, — 0,,|/m and |0, — 0,,|/m, respectively). Moreover, quantum mechanics postulates that these outcomes are
stochastic and cannot be reduced to some form of microscopic law governing the single measurement outcomes. At
0, — 0,, = m/2, a series of such experiments, when coded into a 0, I-sequence, is postulated by the quantum mechanical
canon to render an algorithmically incompressible random sequence [60]; a fact which can be used to construct a plug-in
device [61]; just like another card which can be inserted into a computer and facilitates the desired function, in this case
the production of random data.

Here seems to be a physical source of absolute randomness [24-26] which appears almost totally “free” of any com-
putational costs. Just detune preparation and measurement to attain the goal of a perfect random number generator.
Indeed, this quantum postulate of microphysical randomness seems to be a remarkable fact, in particular since random-
ness is a valuable resource which, in the context of universal computation, cannot be obtained “for nothing.” Although
“almost all”” reals are random, it is hard (indeed impossible) to come by any concrete element with that property. The
closest one could get may be Chaitin’s Q number, which is the Kraft sum of the length of all prefix-free halting programs
on some universal computer (see [24-26] for details). It is even possible to write down a finite program for computing
the first bits of Q, but for better precision there is no computable radius of convergence certifying that a particular finite
sequence is the starting sequence for Q. In that respect Q resembles Specker’s sequence of rational numbers with non-
recursive limit, or the Busy Beaver function [62-64].

So, is every electron a point particle capable of transfinite computations? While electrons do not seem to possess any
capacity of universal computation at all, they appear just to be perfect random number generators. That is indeed amaz-
ing! Maybe we just have not listened carefully enough when crafting the computational models appropriate for physics.
Is Turin’s universal computer model, appended with an additional “random oracle” plug-in, sufficient?

In another scenario, an electron might just be coded to carry the answer to a single question; e.g., related to its
spin state in a particular direction. If requested to answer a different question, such as about its spin state in a
different direction, it might just churn out random nonsense [65] according to Malus’ law [66,67]. Or, it may need
an interface, an environment or measurement apparatus translating the observer’s question to the language (or ques-
tion) understandable by the object [40,34], thereby introducing stochastic noise by uncontrollable macroscopic pro-
cesses. So far, these are all metaphysical speculations which need to be sorted out by operational means, i.e., by
experiment.

2.4. Nonlocality and contextuality

Quantum nonlocality is a phenomenon which can be quite easily described, yet remains mysterious. Consider again
the spin state measurements of electrons. Let us assume that it is possible to produce two particles in a singlet state, such
that, when their spin is measured along an arbitrary but identical direction, their spin states are opposite. Now, consider
the correlation of their spin states when measured along arbitrary but different directions. As it turns out, if the direc-
tions are different from 0 and from integer multiples of 7/2 or n, the quantum correlations are either weaker or stronger
than the classical correlations. This is related to the difference of the aforementioned quantum probabilities versus the
classical ones. In terms of elementary physical events, one obtains more or fewer joint clicks in the detectors measuring
the spin states than would be conceivable classically for any such state. The doctrine of ““peaceful coexistence” between
relativity theory and quantum mechanics [68] assures that this feature cannot be used for faster than light quantum
signalling [69-71].

Can CA with local neighbourhood cell evolution reproduce quantum-type nonlocality? That seems to be a hard
problem, in particular if one clings to the idea of evolution functions which only depend on the neighbourhood, a prop-
erty which surely seems to be a constituent element in the definition of CA. Indeed, with regards to nonlocality, little
convincing evidence and comfort has been given so far by the CA community. Zuse mentions the chess metaphor of the
bishop, a piece which can move in single-colour diagonal direction only, thereby exerting a nonlocal influence on the
entire chessboard [16]. But how could the entire chessboard know of the bishop’s motion if information can only prop-
agate by one cell per time step? Considering quantized cells is no solution, because the quantum nonlocalities intro-
duced by proper normalization of the entire ray wave function comes as no surprise [72]: quantum behaviour of a
quantized system is indeed to be expected.

Another, entirely different and radical possibility would be to give up the notion of ““calculating space” and consider
a computational substratum which is nonlocal from the very beginning. In this approach, the cellular space does not
correspond to anything which is spatially extended from a physical point of view, such as the tesselated configuration
space Zuse had in mind. Rather, it might be some kind of generalized phase space, in which physical states are discrete.
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This resembles the “old” quantum mechanics of Planck and Einstein '° and known as Bohr-Sommerfeld
“quantization.”

Contextuality is another controversial issue which is discussed in the quantum context [74]. One may argue that as it
cannot be operationalized anyway, contextuality is a property of almost pure theoretical value, such as counterfactuals
or scholastic infuturabilities. In continuum theory, there are “‘exotic’” ways to come by [75,76], but this is no option for a
discrete model. At first sight, classical computers seem to be value definite and noncontextual, but a closer inspection
reveals that there are subtleties to be kept in mind. Value definiteness need not imply that an agent is prepared to answer
any experimental question. Indeed, in contradistinction to Kant’s transcendental ideal, '® and scholastic, theological
speculations whether or not the omniscience of God extends to events which would have occurred if something had
happened that did not happen, which have been so powerfully formalized into a finitistic proof (cf. [78, p. 243] and
[79, p. 179]), some properties may not be properly definable for certain computational agents, and therefore may
not be operational. For example, if an agent trained to wash dishes is confronted with the task to write a book on hiking
trails in New Zealand’s Waitakere ranges, it will most certainly be at a complete loss. Or an agent advised to direct some
parties to a path on the right hand side when asked for right or left, will most certainly be at a loss when asked whether
to proceed up or down. The agent simply would not be programmed and thus not be prepared to answer any type of
question, but rather only a small selection from among all conceivable questions.

3. Intrinsic, embedded observer mode

Computational complementarity and undecidability in general are good examples of how the science of systems may
enter physics. Unless one accepts the concept of an “intrinsic embedded mode,” computational complementarity dis-
appears into thin air. And since system science seems foreign to most physicists, it is hard to see if and when such con-
cepts will be more broadly comprehended.

As with all general concepts, it is hard to pinpoint when exactly the concept of an intrinsic embedded observer was
formulated for the first time. '” Boskovich [80] around 1755 referred to the fact that embedded observers cannot rec-
ognize an overall change (squeeze, dilatation and contraction) of the system size. '® More recently, Toffoli [81] discussed
the role of the observer in uniform systems. Embedded observers are /e big issue in relativity theory, because Einstein
insisted on operational methods available within the system only in defining clocks, length scales, and when comparing
them. '° Réssler [86,87] and the author [82-84,88,29], independently share similar concepts, although Réssler’s empha-
sis has been on the role of the interface between observer and observed object [89] rather than on concrete examples of
automaton logic or space-time frames. *°

'3 As expressed by Planck [73, p. 387], “Aguain it is confirmed that the quantum hypothesis is not based on energy elements but on
action elements, according to the fact that the volume of phase space has the dimension W.”

16 In the 3. Hauptstiick, 3. Abschnitt. Von dem transzendentalen Ideal ( Prototypon transscendentale), of “Kritik der reinen Vernunft,”
[77], Kant states, ““But again, everything, as regards its possibility, is also subject to the principle of complete determination, according to
which one of all the possible contradictory predicates of things must belong to it.” The German original reads, ““Ein jedes Ding aber, seiner
Maglichkeit nach, steht noch unter dem Grundsatze der durchgdngigen Bestimmung, nach welchem ihm von allen moglichen Prddikaten der
Dinge, sofern sie mit ihren Gegenteilen verglichen werden, eines zukommen muf3.”

7 One is also tempted to mention Archimedes’ “points outside the world from which one could move the earth.” Mind that
Archimedes’ use of ““points outside the world”” was in a mechanical rather than in a metatheoretical context: he claimed to be able to
move any given weight by any given force, however small.

18 1n [80], Boskovich states, ... And we would have the same impressions if, under conservation of distances, all directions would be
rotated by the same angle, ... And even if the distances themselves would be decreased, whereby the angles and the proportions would be
conserved, ...: even then we [[the observers]] would have no changes in our impressions. ... A movement, which is common to us [ [the
observers] | and to the Universe, cannot be observed by us; not even if everything would be stretched or shrinked by an arbitrary amount.”

1% The author had some problem to publish a paper on embedded observers in relativity theory, apparently because of the rather
unconventional nature of the subject. However, after an appeal, the paper became preprint #LBL-16097 [82] and was later published in
a revised version [83] (see also [84]). I write this to encourage young researchers not to give up in pursuing their own nonfashionable
ideas [85].

20 When I was invited to participate to a Linz Ars Electronica conference on “Endophysics” in 1992, I was almost shocked by the
similarity between Rssler’s thoughts and the ones I had pursued. One follow-up meeting was organized by Atmanspacher in Germany
[90]. I later learned that for researchers trained in mathematical system science, like John Casti, embedded observers sounded like a
very familiar, almost self-evident concept [91-93].
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4. Space—time frames of intrinsic observers

Relativity theory has altered the way we think of space and time from a formal point of view, but the perception of
space and time at large, and what meaning is ascribed to these notions, has not changed too much: while pre-relativistic
“QGalilean” type thinking considered space and time as absolute and immutable, nowadays this role is ascribed to the
relativistic forms of space—time coordinates and their transformation laws. It is almost as if the attitude of the protag-
onists remained the same, but their message changed slightly.

Relativity theory, as introduced by Einstein, at least in the first, cinematic, part of the seminal 1905 paper [94], is
conceived as a strictly operational theory for embedded, intrinsic observers. Those observers are bound to use the meth-
ods and capabilities of the system of which they are an integral part; and they cannot resort to an extrinsic, “God’s eye”
overview of it. But operationalism is not enough to create space-time frames. What is also needed (but seldom men-
tioned although implicitly assumed) are conventions for measuring time and space, and for comparing those scales
at different locations and different times in co-moving and other experimental configurations. Indeed, the International
System of units outrightly declares a previously experimental physical fact to be convention. The speed of light is as-
sumed to be constant for all reference frames. With the mild side assumption of the one-to-oneness (invertibility) of
space-time transformation, this convention declares the preservation of light cones, and thus, by the preservation of
set theoretic intersections of light cones such as time- space- and lightlike onedimensional subspaces, results in affinity
and linearity of the transformation laws. From this point of view, the Lorentz transformation is a geometric, not a
physical entity. In geometry, this is known as Alexandrov’s theorem [95-101].

So, in a sense, this is the big picture. If one requires invariance of some “fundamental” speed and bijectivity of the
transformation laws, then the Lorentz-type transformation laws containing that “fundamental’ speed follow. Thereby,
it makes no difference whether the associated observers are embedded in the “real” Universe, in a CA, or in a plum
pudding; as long as these conditions and conventions are met, then Alexandrov’s theorem certifies that the geometry
is a relativistic one. For discrete models, these results will always be only approximations which are valid down to scales
where the discreteness becomes important.

Where is all the physics gone? The answer to this question is that the physics is in the invariance with respect to any
such Lorentz-type transformations. For example, clocks governed by electromagnetic phenomena will be showing the
“right” time in all frames if the “fundamental’ speed is chosen to be the speed of light. Sound clocks tick invariantly in
the respective system if the “fundamental” speed is the speed of sound. Scales are invariant if the forces stabilizing that
scales are electromagnetic ones and the “fundamental” speed is again chosen to be the speed of light. So, with these new
conventions, the invariance of certain length [102] and time scales, corresponding to the relativistic form invariance of
the laws governing them, becomes a physical statement [103,102,104,105].

The following is an example [106] of an Einstein synchronization by clocks generating radar coordinates in a one-
dimensional CA with the following evolution rules.

P>, X) => oX, <) =< o) = e L>) =L (< LX) —

p(>) = o< )= o> ) =< o<, ) => (> LX) —

o(<, %, X) =1, oX,<,*)—_ o] 7X) =2, o(x,2,X)—3, o(x3,X)—4,

o(x,4,X)—5  o(*5X)—6, o(*6X)—7 o(7X)—38 o¢o(*8X)—9,

@(5,9,X) =0, ¢(+,0,X) =1, 00, X)—_ o, X)—_ 02X -

e, X) =~ o4 X) = 06X 06,.X) = 0,.X)—

08, X) =,  009,,X)—=_ oX,%0) —x* oX,x1) =% @, x2) > x, 0
OX,%,3) = %, oX,%,4) =%, @X,%5) —x @X,%0) —x @X,*T)— x,
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Here, X stands for any state except the ones already specified. These rules look a little bit “murky,” but they can be
simulated by any universal CA and they serve their purpose to demonstrate clock synchronization procedures. (Actu-
ally, this pattern was generated automatically by a CA simulator from the above rules.)
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Fig. 1. Synchronization by ray exchange (a) in a system as rest with respect to a CA; (b) ray exchange with synchronization defined by
(a); (c) synchronization in co-moving frame.

Assume two clocks at two arbitrary points A and B in the CA which are “of similar kind.”” At some arbitrary 4-time
t4 aray goes from 4 to B. At Bit is instantly (without delay) reflected at B-time #5 and reaches A4 again at A-time ¢,/. The
clocks in 4 and B are synchronized if ty — t; =ty — tz. The two-ways ray velocity is given by 2|4B|/(ty — t4) = ¢, where
|AB|is the distance between A4 and B. In Fig. 1(a), an example of synchronization between two clocks 4 and B is drawn.

What happens with the intrinsic synchronization and the space-time coordinates when observers are considered
which are in motion with respect to the CA? For simplicity, suppose a constant motion of v automaton cells per time
cycle. With these units, the ray speed is ¢ = 1, and v < 1. There are numerous ways to simulate sub-ray motion on a CA.
In what follows, the case v = 1/3 will be studied in such a way that every three CA time cycles the walls, symbolized by 7,
move one cell to the right.

Notice that two clocks which are synchronized in a reference frame which is at rest with respect to the CA medium
are not synchronized in their own co-moving reference frame. Consider, as an example, the CA drawn in Fig. 1(b).
(Strictly speaking, the CA rule here depends on a two-neighbour interaction.) For ¢, =1, t3=4, ty, =5, and
4 — 1 # 5 —4, if the first clock is corrected to make up for the different time of ray flights as in Fig. 1(c), 14 =2,
tg=4,ty =6,and 4 — 2 = 6 — 4. Then, this correction amounts to an asynchronicity of the two ray clocks with respect
to the “original” CA medium.

5. Now what?

Despite all these efforts, including those of the author presented above, the computational approach to understand-
ing universes has so far resulted in little or no phenomenological impact; not to speak of any “killer application” —a
problem of physics that yields to this analysis but no other—which would make the few critics and the many hesitant
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researchers listen to the subject. Large segments of theoretical physics nowadays in other areas such as string theory or
quantum gravity appear to be in the very same position, but is no big comfort. In search for applications of the idea of
computational universes let us shortly discuss some of the predictions of the subject and their possible empirical vali-
dation or falsification.

5.1. New range of phenomena

With regards to the logical order of propositions, there may exist phenomena perceivable by intrinsic, embedded
observers which cannot happen according to quantum mechanics but are realizable by finite automata. The simplest
case is characterized by a Greechie hyperdiagram of triangle form, with three atoms per edge. Its automaton partition
logic is given by

({13425 (3,401 {11, 42,41, (333, {{1,43, {2}, (333 (2)

A corresponding Mealy automaton is ({1,2,3,4},{1,2,3},{1,2,3},0 =1,4), where A(1,1)=4(3,2)=(2,3) =1,
A3, 1) =42,2)= A1,3)=2, and A(2,1) = 4(4,1) = A(1,2) = A(4,2) = A(3,3) = 1(4,3) = 3.

Fig. 2 depicts the Greechie and Hasse diagrams of this propositional structure.

The physical interpretation of Eq. (2) is the following: there exist six observables {1}, {2}, {3}, {1,4}, {2,4}, and
{3,4}; i.e., {3,4} corresponds to “the system is in state 3 or in state 4.”

They are grouped into three partitions of {1,2,3,4}, such that within each group the observables are comeasurable.
For instance, in the automaton example enumerated above, the experiment with the input of symbol 2 differentiates
between {1,4}, {2}, {3} and all properties obtained by forming the logical “or’’ operation, such as {2, 3}. But the exper-
iment does not reveal all conceivable propositions, such as {1,2}. Another experiment with the input of symbol 3 does,
but cannot reveal other properties, such as {1,4}. Because of this complementarity, the propositions are nonclassical, in
particular they do not obey the distributive law: since {1,3}V{2,3} = {1,2,3,4},

{17274}/\({173}\/{273}) = {17274}/\{1727374} = {17274} = ({17274}/\{173})\/({17274}/\{273}) = {172}

This humble propositional structure is thus nonclassical, but quite remarkably it also cannot be realized by quantum
mechanics. The complementary groups are interlocked in a triangle form, which is forbidden by the Hilbert space based
algebraic structure of quantum mechanics: In analogy to Kochen and Specker [107], we denote by the symbol “1” the
binary relation of comeasurability. Any sequencing of observables such as

{1} L {3,4} L {2} L {1,4} L {3} L {2,4} L {1}

(with {1} £ {1,4} X {2,4} and so on) cannot occur in quantum mechanics. Hence, if this propositional structure is
experienced in some physical setup, then quantum mechanics is not an appropriate theoretical representation for it.
Computational universes would be a natural candidate.

5.2. Coarse grained structure of digital space

Already Zuse mentioned that, if space is tesselated, then this tesselation will eventually show up; either by some
anisotropy or by a fundamental length scale. No indication is given exactly when this granularity should show up;

o)
{3, 4 {2., 4}
@ g @ 4
(a) (b)

Fig. 2. (a) Greechie and (b) Hasse diagram of a logic featuring complementarity which is not a quantum logic but which is embeddable
in a Boolean logic.
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and problems abound [108]. By the way, there is no guarantee that space and time will be organized as a regular lattice;
it may rather resemble a huge pile of more or less randomly and densely packed sand and stabilized by whatever forces
there are.

In view of the mild discreteness of quantum mechanics already mentioned earlier (only an integer number of quanta
per field node), it might well be that we have already unravelled the fundamental discreteness; but not in the properties
where we had expected them. So, maybe the field nodes or phase space are more fundamental than the frames of space
and time that we use to define those fields. In this idealistic picture, space and time may be convenient constructions of
our minds to sort out the evolution of field modes.

5.3. Exotic probabilities

One approach to the formalism is that anything which is not forbidden explicitly is realized. 2! As Gleason’s theorem
strongly ties quantum probabilities to Hilbert space, there may be nonclassical and nonquantum probabilities which
can be modelled with automaton or generalized urn models.

Let us consider again spin state measurements on electrons modelled by two-dimensional Hilbert space entities. The
associated algebra of propositions consists of (the horizontal sum of) Boolean sublattices 2> which are pasted together
[109] at their extreme elements. In this case, Gleason’s theorem does not apply. By taking the algebraic structure and the
set of dispersion free (two-valued) states alone, there exists the possibility of nongleason type probability measures.
These measures have singular, separating distributions and thus can be embedded into “classical” Boolean algebras
such as generalized urn und automaton partition logics. One particular example is represented in Fig. 3. Its probability
measureis P(x' ) = l and P(x',) =1 — P(x_) =0fori=1, ... ,n. The associated automaton models are straightforward.
Every such dispersion free state is obtained by associating with it a particular automaton state. Whether or not such
probability distributions exist for fundamental processes is an open question. For spin state measurements of the elec-
trons, this does not seem to be the case, but again the question of state preparation may be essential here.

Another more exotic example of a suborthoposet which is embedable into the three-dimensional real Hilbert lattice
€(R?) and can also be realized by generalized urn models and finite automata has been given by Wright [36]. Its Gree-
chie diagram of the pentagonal form is drawn in Fig. 4. Wright showed that the probability measure P(g;) = %,
P(b,) =0, fori=0,1,2,3,4, as depicted in Fig. 4, is no convex combination of other pure states; and furthermore, that
it does not correspond to any Gleason type measure allowed as quantum probability. In this sense, it is a “stranger-
than-quantum probability.”” And although automata and generalized urn models ass well as quantum system with this
pentagonally interlocking algebraic structure of propositions exist, no realizable probability measure on it is of the form
of Wright’s measure defined above. The reason for this is the impossibility to represent it as a convex combination of
other dispersion free two-valued states.

5.4. “Tuning” reality

If the physical phenomena are the intrinsic view of a mathematical or computational universe, then any attempt to
render, manipulate and change certain phenomena could be interpreted as “reprogramming”. In fact, reprogramming
or “tuning” 22 reality may be a powerful new metaphor hitherto foreign to theoretical physics. Again, one should keep
in mind that this is highly speculative.

5.5. Against odds

Let me again emphasize that discrete or algorithmic physics may be utterly non mainstream and off-topic, as com-
peting with “traditional” continuum physics is hard. For instance, note the fabulous coincidence between the theoret-
ical and the experimental values of the anomalous magnetic moment of the Muon a, , = 11659177(7) x 1071° and
ay. = 11659204(7)(5) x 107'° [110]. Or take the neutron double slit experiments [111] which show a wonderful agree-
ment of theory and experiment.

Yet, despite all these difficulties, discrete computational physics certainly represents an interesting, speculative and
challenging research area. Many ideas from system science, interface design, to dualism (e.g., the Eccles Telegraph) en-
ter. The issue has metaphysical connotations. It is for instance quite likely that a demiurge would create an “atomistic”

21 Feynman’s rule of thumb states that whatever is not explicitly forbidden is mandatory. See also the “go—go” principle introduced
in [52].
22 The term “tuning” is borrowed from the movie Dark City by Alex Proyas, where similar motives have been casted.
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Fig. 3. Example for a nongleason type probability measure for # spin one-half state propositional systems L(x), i = 1,...,n which are
not comeasurable. The superscript i represents the ith measurement direction. The concentric circles indicate the atoms with
probability measure 1.
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Fig. 4. Greechie diagram of the Wright pentagon [36]. Filled squares indicate probability 1.

world such as ours, in which an immense (to us) number of identical gaming pieces come together to form a universe
and which are constantly rearranged to form rich and varied and seemingly complex patterns. Or there is just one con-
sistent Universe of Mathematics, and this is the physical Universe we are living in.

Acknowledgement

Many thanks go to Tim Boykett for inviting me to a Time’s Up workshop, giving me the feeling that somewhere out
there are people still interested and listening. Garry J. Tee from the University of Auckland has provided reference [4],
and Peter Mittelstaedt referred to the beautiful quotation of Kant. I am particularly thankful to Ross Rhodes for his
continuing encouragement; also for reading an earlier version of the manuscript and for many suggestions to improve
the text.

References

[1] Eccles JC. The mind-brain problem revisited: The microsite hypothesis. In: Eccles JC, Creutzfeldt O, editors. The principles of
design and operation of the brain. Berlin: Springer; 1990. p. 549.

[2] Descartes R. Meditation on first philosophy, vol. 1641. Available from: http://oregonstate.edu/instruct/phl302/texts/descartes/
meditations/meditations.html. URL: http://oregonstate.edu/instruct/phl302/texts/descartes/meditations/meditations.html.

[3] Putnam H. Reason, truth and history. Cambridge: Cambridge University Press; 1981.

[4] Thomas JM. Michael Faraday and the royal institution. Bristol: Adam Hilger; 1991.

[5] Bulfinch T, editor. The age of Fable, vol. 1913. Project Gutenberg Etext #3327 and Etext #4928.

[6] Boyer CB. A history of mathematics. New York: John Wiley & Sons; 1968.

[7] Godel S. In: Feferman S, Dawson JW, Kleene SC, Moore GH, Solovay RM, van Heijenoort J, editors. Collected works
Publications 1929-1936, vol. 1. Oxford: Oxford University Press; 1986.

[8] Fredkin E, Toffoli T. Conservative logic. Int J Theoret Phys 1982;21:219-53.

[9] von Neumann J. In: Burks AW, editor. Theory of self-reproducing automata. Urbana: University of Illinois Press; 1966.

[10] Wigner EP. The unreasonable effectiveness of mathematics in the natural sciences. Richard Courant lecture delivered at New

York University, May 11, 1959. Commun Pure Appl Math 1960;13:1.


http://oregonstate.edu/instruct/phl302/texts/descartes/meditations/meditations.html
http://oregonstate.edu/instruct/phl302/texts/descartes/meditations/meditations.html
http://oregonstate.edu/instruct/phl302/texts/descartes/meditations/meditations.html

K. Svozil | Chaos, Solitons and Fractals 25 (2005) 845-859 857

[11] Moore EF. Gedanken-experiments on sequential machines. In: Shannon CE, McCarthy J, editors. Automata studies. Princeton:
Princeton University Press; 1956.

[12] Conway JH. Regular algebra and finite machines. London: Chapman and Hall Ltd.; 1971.

[13] Ulam S. Random processes and transformations. Proc Int Congr Math 1952;2:264-75. Talk held in 1950.

[14] Zuse K. Rechnender Raum. Elektronische Datenverarbeitung (1967) 336-344A; Scan is available from: http://www.idsia.ch/
~juergen/digitalphysics.html. URL: http://www.idsia.ch/simjergen/digitalphysics.html.

[15] Zuse K. Rechnender Raum. Braunschweig: Friedrich Vieweg & Sohn; 1969. English translation as [112].

[16] Zuse K. Discrete mathematics and Rechnender Raum. URL: http://www.zib.de/PaperWeb/abstracts/TR-94-10/. 1994.

[17] Einstein A. Grundziige der Relativititstheofirst. 1st ed. Braunschweig: Vieweg; 1956.

[18] Bennett CH. Logical reversibility of computation. IBM J Res Develop 1973;17:525-32. reprinted in [113, p. 197-204].

[19] Toffoli T, Margolus N. Invertible cellular automata: a review. Phys D 1990;45:229-53. URL: http://pm1.bu.edu/~tt/publ/ica.ps.

[20] Fredkin E. An informational process based on reversible universal cellular automata. Phys D 1990;45:254-70. doi:10.1016/0167-
2789(90)90186-S. Available from: http://www.digitalphilosophy.org. URL: http://www.digitalphilosophy.org.

[21] Wolfram S. A new kind of science. Champaign, IL: Wolfram Media Inc.; 2002.

[22] Gray L. A mathematician looks at Wolfram’s new kind of science. Not Am Math Soc 2003;50(2):200-11. URL: http://
www.ams.org/notices/200302/fea-gray.pdf.

[23] Godel K. A remark about the relationship between relativity theory and idealistic philosophy. In: Schilpp PA, editor. Albert
Einstein, philosopher—scientist. New York: Tudor Publishing Company; 1949. p. 555-61. reprinted in [114, p. 202-7].

[24] Chaitin GJ. Algorithmic information theory. Cambridge: Cambridge University Press; 1987.

[25] Chaitin GJ. Exploring randomness. London: Springer Verlag; 2001.

[26] Calude C. Information and randomness—an algorithmic perspective. 2nd ed. Berlin: Springer; 2002.

[27] Brauer W. Automatentheorie. Stuttgart: Teubner; 1984.

[28] Finkelstein D, Finkelstein SR. Computational complementarity. Int J Theoret Phys 1983;22(8):753-79.

[29] Svozil K. Randomness and undecidability in physics. Singapore: World Scientific; 1993.

[30] Schaller M, Svozil K. Automaton logic. Int J Theoret Phys 1996;35(5):911-40.

[31] Calude C, Calude E, Svozil K, Yu S. Physical versus computational complementarity I. Int J Theoret Phys 1997;36(7):1495-523.

[32] Svozil K. Quantum logic. Singapore: Springer; 1998.

[33] Svozil K. The Church-Turing thesis as a guiding principle for physics. In: Calude CS, Casti J, Dinneen MJ, editors.
Unconventional models of computation. Singapore: Springer; 1998. p. 371-85.

[34] Svozil K. Finite automata models of quantized systems: conceptual status and outlook. Available from: http://www.arxiv.org/
abs/quant-ph/0209089 (2002). URL: http://www.arxiv.org/abs/quant-ph/0209089.

[35] Svozil K. Logical equivalence between generalized urn models and finite automata. URL: http://arxiv.org/abs/quant-ph/0209136
(2002). URL: http://arxiv.org/abs/quant-ph/0209136.

[36] Wright R. The state of the pentagon. A nonclassical example. In: Marlow AR, editor. Mathematical foundations of quantum
theory. New York: Academic Press; 1978. p. 255-74.

[37] Wright R. Generalized urn models. Found Phys 1990;20:881-903.

[38] Fortnow L. One complexity theorist’s view of quantum computing. Theoret Comput Sci 2003;292:597-610.

[39] Bernstein E, Vazirani U. Quantum complexity theory. In: Proceedings of the 25th annual ACM symposium on theory of
computing, San Diego, California, May 16-18, 1993. ACM Press; 1993. p. 11-20.

[40] Svozil K. Quantum interfaces. In: Diebner HH, Druckrey T, Weibel P, editors. Sciences of the interface. Tiibingen, Germany:
Genista Verlag; 2001. p. 76-88. URL: http://arxiv.org/abs/quant-ph/0001064. URL: http://arxiv.org/abs/quant-ph/0001064.

[41] Herzog TJ, Kwiat PG, Weinfurter H, Zeilinger A. Complementarity and the quantum eraser. Phys Rev Lett 1995;75(17):3034-7.

[42] Greenberger DB, YaSin A. Haunted measurements in quantum theory. Found Phys 1989;19(6):679-704.

[43] Bernstein J. Quantum profiles. Princeton: Princeton University Press; 1991.

[44] Popper KR. British J Philos Sci 1950;1:117-73.

[45] Komar A. Undecidability of macroscopically distinguishable states in quantum field theory. Phys Rev 1964;133:B542. URL:
http://link.aps.org/abstract/pr/v133/pb542.

[46] Kanter I. Undecidability principle and the uncertainty principle even for classical systems. Phys Rev Lett 1990;64:332-5. URL:
http://link.aps.org/abstract/prl/v64/p332.

[47] Moore CD. Unpredictability and undecidability in dynamical systems. Phys Rev Lett 1990;64:2354-7. cf. Bennett Ch. Nature
1990;346:606. URL: http://link.aps.org/abstract/prl/v64/p2354.

[48] Casti JL. Why undecidability is too important to be left to Godel. In: Casti JL, Traub JF, editors. On limits, Santa Fe Institute
Report 94-10-056, Santa Fe, NM, 1994. Available from: http://www.santafe.edu/sfi/publications/working-papers/94-10-056.pdf
and http://www.santafe.edu/sfi/publications/wpabstract/199410056. URL: http://www.santafe.edu/sfi/publications/working-
papers/94-10-056.pdf.

[49] Casti JL, Karlquist A. Boundaries and barriers. in: On the limits to scientific knowledge. Reading, MA: Addison-Wesley; 1996.

[50] Drobot S. Real numbers. Englewood Cliffs, NJ: Prentice-Hall; 1964.

[51] Bridgman PW. A physicist’s second reaction to Mengenlehre. Scrip Math 1934;2:101-17. 224-234, cf. Landauer [115].

[52] Svozil K. Set theory and physics. Found Phys 1995;25:1541-60.

[53] Weyl H. Philosophy of mathematics and natural science. Princeton: Princeton University Press; 1949.


http://www.idsia.ch/~juergen/digitalphysics.html
http://www.idsia.ch/~juergen/digitalphysics.html
http://www.idsia.ch/simjergen/digitalphysics.html
http://www.zib.de/PaperWeb/abstracts/TR-94-10/
http://pm1.bu.edu/~tt/publ/ica.ps
http://dx.doi.org/10.1016/0167-2789(90)90186-S
http://dx.doi.org/10.1016/0167-2789(90)90186-S
http://www.digitalphilosophy.org
http://www.digitalphilosophy.org
http://www.ams.org/notices/200302/fea-gray.pdf
http://www.ams.org/notices/200302/fea-gray.pdf
http://www.arxiv.org/abs/quant-ph/0209089
http://www.arxiv.org/abs/quant-ph/0209089
http://www.arxiv.org/abs/quant-ph/0209089
http://arxiv.org/abs/quant-ph/0209136
http://arxiv.org/abs/quant-ph/0209136
http://arxiv.org/abs/quant-ph/0001064
http://arxiv.org/abs/quant-ph/0001064
http://link.aps.org/abstract/pr/v133/pb542
http://link.aps.org/abstract/prl/v64/p332
http://link.aps.org/abstract/prl/v64/p2354
http://www.santafe.edu/sfi/publications/working-papers/94-10-056.pdf
http://www.santafe.edu/sfi/publications/wpabstract/199410056
http://www.santafe.edu/sfi/publications/working-papers/94-10-056.pdf
http://www.santafe.edu/sfi/publications/working-papers/94-10-056.pdf

858 K. Svozil | Chaos, Solitons and Fractals 25 (2005) 845-859

[54] Griinbaum A. Philosophical problems of space and time. In: Boston studies in the philosophy of science, vol 12, 2nd ed.
Dordrecht/Boston: D. Reidel; 1974.

[55] Thomson JF. Tasks and supertasks. Analysis 1954;15:1-13.

[56] Benacerraf P. Tasks and supertasks and the modern eleatics. J Philos 1962;L1X(24):765-84.

[57] Pitowsky I. The physical Church-Turing thesis and physical computational complexity. Iyyun 1990;39:81-99.

[58] Hogarth M. Predicting the future in relativistic spacetimes. Studies in history and philosophy of science. Stud History Philos
Modern Phys 1993;24(5):721-39.

[59] Earman J, Norton JD. Forever is a day: supertasks in Pitowsky and Malament-Hogart spacetimes. Philos Sci 1993;60:22-42.

[60] Svozil K. The quantum coin toss—testing microphysical undecidability. Phys Lett A 1990;143:433-7.

[61] Jennewein T, Achleitner U, Weihs G, Weinfurter H, Zeilinger A. A fast and compact quantum random number generator. Rev
Scientific Instrum 2000;71:1675-80. Available from: arXiv:quant-ph/9912118. URL: http://xxx.lanl.gov/abs/quant-ph/9912118.

[62] Rado T. On non-computable functions. Bell Syst Tech J 1962;XLI1(41)(3):877-84. Available from: http:/grail.cba.csuohio.edu/
~somos/bb.html.

[63] Brady AH. The busy beaver game and the meaning of life. In: Herken R, editor. The universal turing machine A half-century
survey. Hamburg: Kammerer und Unverzagt; 1988. p. 259.

[64] Chaitin GJ. Computing the busy beaver function. In: Cover TM, Gopinath B, editors. Open problems in communication and
computation. New York: Springer; 1987. p. 108. Reprinted in [116].

[65] Zeilinger A. A foundational principle for quantum mechanics. Found Phys 1999;29(4):631-43.

[66] Brukner ¢, Zeilinger A. Malus’ law and quantum information. Acta Phys Slovaca 1999;49(4):647-52.

[67] Brukner C, Zeilinger A. Information and fundamental elements of the structure of quantum theory. Available from: http://
www.arxiv.org/abs/quant-ph/0212084, 2001. URL: http://www.arxiv.org/abs/quant-ph/0212084.

[68] Shimony A. Controllable and uncontrollable non-locality. In: SK, et al., editors. Proceedings of the international symposium on
the foundations of quantum mechanics. Tokyo: Physical Society of Japan; 1984. p. 225-230; see also Jarrett J. Bell’s theorem,
quantum mechanics and local realism, PhD Thesis, University of Chicago, 1983. Nous 1984;18:569.

[69] Herbert N. FLASH-—a superluminal communicator based upon a new kind of quantum measurement. Found Phys
1982;12(12):1171-9.

[70] Wooters WK, Zurek WH. A single quantum cannot be cloned. Nature 1982;299:802-3.

[71] Glauber RJ. Amplifiers, attenuators and the quantum theory of measurement. In: Pikes ER, Sarkar S, editors. Frontiers in
quantum optics. Bristol: Adam Hilger; 1986.

[72] Fussy S, Grossing G, Schwabl H. Nonlocal computation in quantum cellular automata. Phys Rev A 1993;48:3470-7. URL:
http://link.aps.org/abstract/PRA/v48/p3470. URL: http://link.aps.org/abstract/PR A/v48/p3470.

[73] Planck M. Die physikalische struktur des phasenraumes. Annalen der Physik 1916;50:385-418.

[74] Redhead M. Incompleteness, nonlocality, and realism: a prolegomenon to the philosophy of quantum mechanics. Oxford:
Clarendon Press; 1990.

[75] Pitowsky I. Resolution of the Einstein-Podolsky—Rosen and Bell paradoxes. Phys Rev Lett 1982:48:1299-1302;
cf. Mermin ND. Phys Rev Lett 1982;49:1214;

Macdonald AL. Phys Rev Lett 1982;49:1215;
Pitowsky 1. Phys Rev Lett 1982;49:1216.

[76] Meyer DA. Finite precision measurement nullifies the Kochen—Specker theorem. Phys Rev Lett 1999:83(19):3751-4. Available
from: arXiv:quant-ph/9905080.

[77] Kant I, Kritik der reinen Vernunft, 2nd ed. 1787, project Gutenberg. Etext #4280. First release: Jul 2003, ID: 4884.

[78] Specker E. Die Logik nicht gleichzeitig entscheidbarer aussagen. Dialectica 1960;14:175-82. Reprinted in [79, pp. 175-182];
English translation: The logic of propositions which are not simultaneously decidable, reprinted in [117, pp. 135-140].

[79] Specker E. Selecta. Basel: Birkhdauser Verlag; 1990.

[80] Boskovich RJ. De spacio et tempore, ut a nobis cognoscuntur, Vienna, 1755, English translation in [118].

[81] Toffoli T. The role of the observer in uniform systems. In: Klir GJ, editor. Applied general systems research Recent developments
and trends. New York, London: Plenum Press; 1978. p. 395-400.

[82] Svozil K. On the setting of scales for space and time in arbitrary quantized media. Lawrence Berkeley Laboratory preprint LBL-
16097. Available from: http://heplibw3.slac.stanford.edu/spires/find/hep?key=1089510 a pdf scan is at URL: http://ccdb3fs.kek.
jp/cgi-bin/img/allpdf?198309187. URL: http://ccdb3fs.kek.jp/cgi-bin/img/allpdf?198309187.

[83] Svozil K. Connections between deviations from Lorentz transformation and relativistic energy-momentum relation. Europhys
Lett 1986;2:83-5 excerpts from [82].

[84] Svozil K. Operational perception of space-time coordinates in a quantum medium. II Nuovo Cimento 1986;96B:127-39.

[85] Dyson F. Unfashionable pursuits. Math Intellig 1983:47-54. Dyson gave related talks; e.g., at Yale, Minnesota and Bonn.

[86] Rossler OE. Endophysics. In: Casti JL, Karlquist A, editors. Real brains. North-Holland, NY: Artificial Minds; 1987. p. 25.

[87] Rossler OE. Endophysics. Die Welt des inneren Beobachters. Berlin: Merwe Verlag; 1992. with a foreword by Peter Weibel.

[88] Svozil K. Extrinsic—intrinsec concept and complementarity. In: Atmanspacker H, Dalenoort GJ, editors. Inside versus outside.
Heidelberg: Springer-Verlag; 1994. p. 273-88.

[89] Rossler OE. Endophysics. The world as an interface. Singapore: World Scientific; 1998. with a foreword by Peter Weibel.

[90] Atmanspacher H, Dalenoort G, editors. Inside versus outside. Berlin: Springer; 1994.

[91] Casti JL. Beyond believe: randomness, prediction and explanation in science. Boca Raton, FL: CRC Press; 1990.


http://xxx.lanl.gov/abs/quant-ph/9912118
http://grail.cba.csuohio.edu/~somos/bb.html
http://grail.cba.csuohio.edu/~somos/bb.html
http://www.arxiv.org/abs/quant-ph/0212084
http://www.arxiv.org/abs/quant-ph/0212084
http://www.arxiv.org/abs/quant-ph/0212084
http://link.aps.org/abstract/PRA/v48/p3470
http://link.aps.org/abstract/PRA/v48/p3470
http://heplibw3.slac.stanford.edu/spires/find/hep?key=1089510
http://ccdb3fs.kek.jp/cgi-bin/img/allpdf?198309187
http://ccdb3fs.kek.jp/cgi-bin/img/allpdf?198309187
http://ccdb3fs.kek.jp/cgi-bin/img/allpdf?198309187

K. Svozil | Chaos, Solitons and Fractals 25 (2005) 845-859 859

[92] Casti JL. Reality rules. Picturing the world in mathematics: the fundamentals, vol. I. New York: J. Wiley & Sons; 1992.

[93] Casti JL. Reality rules. Picturing the world in mathematics: the frontier, vol. II. New York: J. Wiley & Sons; 1992.

[94] Einstein A. Zur Elektrodynamik bewegter Koérper. Annalen der Physik 1905;17:891-921. English translation in the Appendix of
[119].

[95] Alexandrov AD. On Lorentz transformations. Uspehi Mat Nauk 1950;5(3):187.

[96] Alexandrov AD. A contribution to chronogeometry. Canad J Math 1967;19:1119-28.

[97] Alexandrov AD. Mappings of spaces with families of cones and space-time transformations. Annali di Matematica Pura ed
Applicata 1967;103:229-57.

[98] Alexandrov AD. On the principles of relativity theory. In: Alexandrov AD, editor. Classics of Soviet mathematics, vol. 4.
Selected Works. 1996. p. 289-318.

[99] Borchers HJ, Hegerfeldt GC. The structure of space-time transformations. Commun Math Phys 1972;28:259-66.

[100] Benz W. Geometrische transformationen. Mannheim: BI Wissenschaftsverlag; 1992.

[101] Lester JA. Distance preserving transformations. In: Buekenhout F, editor. Handbook of incidence geometry. Amsterdam:
Elsevier; 1995.

[102] Peres A. Defining length. Nature 1984;312:10.

[103] Bell JS. George francis fitzgerald. Phys World 1992;5(9):31-5. abridged version by Denis Weaire.

[104] Svozil K. Relativizing relativity. Found Phys 2000;30(7):1001-16. e-print available from: arXiv:quant-ph/0001064.

[105] Svozil K. Conventions in relativity theory and quantum mechanics. Found Phys 2002;32:479-502.

[106] Svozil K. Time generated by intrinsic observers. In: Trappl R, editor. Cybernetics and systems *96 Proceedings of the 13th
European meeting on cybernetics and systems research. Vienna: Austrian Society for Cybernetic Studies; 1996. p. 162-6. URL:
http://tph.tuwien.ac.at/svozil/publ/timel.htm. URL: http://tph.tuwien.ac.at/svozil/publ/timel.htm.

[107] Kochen S, Specker EP. Logical structures arising in quantum theory. In: Symposium on the theory of models, Proceedings of the
1963 international symposium at Berkeley. Amsterdam: North Holland; 1965. p. 177-89. Reprinted in [79, p. 209-21].

[108] ‘t Hooft G. Can quantum mechanics be reconciled with cellular automata? Int J Theoret Phys 2003;42. URL: http://
www.phys.uu.nl/thooft/gthpub/digitO1.ps. URL: http://www.phys.uu.nl/thooft/gthpub/digit01.ps.

[109] Navara M, Rogalewicz V. The pasting constructions for orthomodular posets. Mathematische Nachrichten 1991;154:157-68.

[110] Cenap S, Ozben et al. Muon g-2 collaboration. Precision measurement of the anomalous magnetic moment of the muon. URL:
http://arxiv.org/abs/hep-ex/0211044 (2002). URL: http://arxiv.org/abs/hep-ex/0211044.

[111] Zeilinger A, Géhler R, Shull CG, Treimer W, Mampe W. Single- and double-slit diffraction of neutrons. Rev Mod Phys
1988;60:1067-73. URL: http://link.aps.org/abstract/rmp/v60/p1067. URL: interrefhttp://link.aps.org/abstract/rmp/v60/p1067
urlhttp:/link.aps.org/abstract/rmp/v60/p1067.

[112] Zuse K. Calculating space. MIT technical translation AZT-70-164-GEMIT, MIT (Proj. MAC). Cambridge, MA: 1970.

[113] Leff HS, Rex AF. Maxwell’s demon. Princeton: Princeton University Press; 1990.

[114] Godel K. In: Feferman S, Dawson Jr JW, Kleene SC, Moore GH, Solovay RM, van Heijenoort J, editors. Collected works
Publications 1938-1974, vol. II. Oxford: Oxford University Press; 1990.

[115] Landauer R. Advertisement for a paper I like. In: Casti JL, Traub JF, editors. On limits. Santa Fe Institute Report 94-10-056.
Santa Fe, NM: 1994. p. 39.

[116] Chaitin GJ. Information, randomness and incompleteness. 2nd ed. Singapore: World Scientific; 1990. this is a collection of
Chaitin’s G. publications.

[117] Hooker CA. The logico-algebraic approach to quantum mechanics. Boston: D. Reidel Pub. Co.; Dordrecht, 1975-1979.

[118] Boskovich RJ. De spacio et tempore, ut a nobis cognoscuntur. In: Child JM, editor. A theory of natural philosophy. Cambridge,
MA: Open Court (1922) and MIT Press; 1966. p. 203-5.

[119] Miller AL Albert Einstein’s special theory of relativity. New York: Springer; 1998.

[120] Elnaschie MS. A review of E-Infinity theory and the mass spectrum of high energy particles physics. Chaos, Solitons & Fractals
2004;19:209-36.

[121] Elnaschie MS. Determining the number of Higgs particles starting from general relativity and various other field theories. Chaos,
Solitons & Fractals 2005;1(February):711-26.

[122] Elnaschie MS. Topological defects in the symplictic vaccum. Anomalous position productivity and the gravitational instant on
International Journal of Modern Physics E, vol. B (4) August 2004. p. 835-49.


http://tph.tuwien.ac.at/svozil/publ/time1.htm
http://tph.tuwien.ac.at/svozil/publ/time1.htm
http://www.phys.uu.nl/thooft/gthpub/digit01.ps
http://www.phys.uu.nl/thooft/gthpub/digit01.ps
http://www.phys.uu.nl/thooft/gthpub/digit01.ps
http://arxiv.org/abs/hep-ex/0211044
http://arxiv.org/abs/hep-ex/0211044
http://link.aps.org/abstract/rmp/v60/p1067

	Computational universes
	Historical notes
	Intrinsic randomness and undecidability
	Computational complementarity
	Intrinsic undecidability
	Continuum versus discrete physics
	Nonlocality and contextuality

	Intrinsic, embedded observer mode
	Space ndash time frames of intrinsic observers
	Now what?
	New range of phenomena
	Coarse grained structure of digital space
	Exotic probabilities
	 ldquo Tuning rdquo  reality
	Against odds

	Acknowledgement
	References


