A quantum mechanical look at time travel and free will

Daniel Greenberger

Department of Physics, City College of the City University of New York New York, NY 10031, USA and Karl Svozil

Institut für Theoretische Physik, Technische Universität Wien Wiedner Hauptstraße 8-10/136, A-1040 Vienna, Austria e-mail: svozil@tuwien.ac.at

Abstract

Consequences of the basic and most evident consistency requirement—that measured events cannot happen and not happen at the same time—are reviewed. Particular emphasis is given to event forecast and event control. As a consequence, particular, very general bounds on the forecast and control of events within the known laws of physics result. These bounds are of a global, statistical nature and need not affect singular events or groups of events. We also present a quantum mechanical model of time travel and discuss chronology protection schemes. Such models impose restrictions upon certain capacities of event control.

Classical part

Principle of self-consistency

An irreducible, atomic physical phenomenon manifests itself as a click of some detector. There can either be a click or there can be no click. This yes-no scheme is experimental physics in-a-nutshell (at least according to a theoretician). ¿From that kind of elementary observation, all of our physical evidence is accumulated.

Such irreversibly observed events (whatever the relevance or meaning of those terms are [1, 2, 3, 4]) are subject to the primary condition of consistency or self-consistency: “Any particular irreversibly observed event either happens or does not happen, but it cannot both happen and not happen.”

Indeed, so trivial seems the requirement of consistency that David Hilbert polemicised against “another author” with the following words [5], “...for me, the opinion that the [[physical]] facts and events themselves can be contradictory is a good example of thoughtlessness.”

Just as in mathematics, inconsistency, i.e., the coexistence of truth and falseness of propositions, is a fatal property of any physical theory. Nevertheless, in a certain very precise sense, quantum mechanics incorporates inconsistencies in a very subtle way, which assures overall consistency. For instance, a particle wave function or quantum state is said to “pass” a double slit through both slits at once, which is classically impossible. (Such considerations may, however, be considered as mere trickery quantum talk, devoid of any operational meaning.) Yet, neither a particle wave function nor quantum states are directly associable with any sort of irreversible observed event of physical reality. We shall come back to a particular quantum case in the second part of this investigation.

And just as in mathematics and in formal logic it can be argued that too strong capacities of intrinsic event forecast and intrinsic event control renders the system overall inconsistent. This fact may indeed be considered as one decisive feature in finite deterministic (“algorithmic”) models [6]. It manifests itself already in the early stages of Cantorian set theory: any claim that it is possible to enumerate the real numbers yields, via the diagonalization method, to an outright contradiction. The only consistent alternative is the acceptance that no such capacity of enumeration exists. Gödel’s incompleteness theorem [7] states that any formal system rich enough to include arithmetic and elementary logic could not be both consistent and complete. Turing’s theorem on the recursive unsolvability of the halting problem [8], as well as Chaitin’s Ω numbers [9] are formalizations of related limitations in formal logics, the computer sciences and mathematics.

In what follows we shall proceed along very similar lines. We shall first argue that any capacity of total forecast or event control—even in a totally deterministic environment—is contradicting the (idealistic) idea that decisions between alternatives are possible; stated differently: that there is free will. Then we shall proceed with possibilities of forecast and event control which are consistent both with free will and the known laws of physics.

It is also clear that some form of forecast and event control is evidently possible—indeed, that is one of the main achievements of contemporary natural science, and we make everyday use of it, say, by switching on the light. These capacities derived from the standard natural sciences are characterized by a high chance of reproducibility, and therefore do not depend on single events.

We shall concentrate on very general bounds of capacities of forecast and event control; bounds which are imposed upon them by the requirement of consistency. These considerations should be fairly general and do not depend on any particular physical model. They are valid for all conceivable forms of physical theories; classical, quantum and forthcoming alike.

Strong forecasting

Let us consider forecasting the future first. Even if physical phenomena occur deterministically and can be accounted for (”computed”) on a higher level of abstraction, from within the system such a complete description may not be of much practical, operational use [10, 11].

Indeed, suppose there exists free will. Suppose further that an agent could predict all future events, without exceptions. We shall call this the strong form of forecasting. In this case, the agent could freely decide to counteract in such a way as to invalidate that prediction. Hence, in order to avoid inconsistencies and paradoxes, either free will has to be abandoned, or it has to be accepted that complete prediction is impossible.

Another possibility would be to consider strong forms of forecasting which are, however, not utilized to alter the system. Effectively, this results in the abandonment of free will, amounting to an extrinsic, detached viewpoint. After all, what is knowledge and what is it good for if it cannot be applied and made to use?

It should be mentioned that the above argument is of an ancient type [12]. As has already been mentioned, it has been formalized recently in set theory, formal logic and recursive function theory, where it is called “diagonalization method.”

In doing this, we are inspired by the recent advances in the foundations of quantum (information) theory. There, due to complementarity and the impossibility to clone generic states, single events may have important meanings to some observers, although they make no sense at all to other observers. One example for this is quantum cryptography. Many of these events are stochastic and are postulated to satisfy all conceivable statistical laws (correlations are nonclassical, though). In such frameworks, high degrees of reproducibility cannot be guaranteed, although single events may carry valuable information, which can even be distilled and purified.

Strong event control

A very similar argument holds for event control and the production of “miracles” [13]. Suppose there exists free will. Suppose further that an agent could entirely control the future. We shall call this the strong form of event control. Then this observer could freely decide to invalidate the laws of physics. In order to avoid a paradox, either free will or some physical laws would have to be abandoned, or it has to be accepted that complete event control is impossible.

Weak forecast and event control

¿From what has already been said, it should be clear that it is reasonable to assume that forecast and event control should be possible only if this capacity cannot be associated with any paradox or contradiction.

Thus the requirement of consistency of the phenomena seems to impose rather stringent conditions on forecasting and event control. Similar ideas have already been discussed in the context of time paradoxes in relativity theory (cf. [14] and [15, p. 272], “The only solutions to the laws of physics that can occur locally . . . are those which are globally self-consistent”).

There is, however, a possibility that the forecast and control of future events is conceivable for singular events within the statistical bounds. Such occurrences may be “singular miracles” which are well accountable within the known laws of physics. They will be called weak forms of forecasting and event control.

It may be argued that, in order to obey overall consistency, such a framework should not be extendable to any forms of strong forecast or event control, because, as has been argued before, this could either violate global consistency criteria or would make necessary a revision of the known laws of physics.

The relevant laws of statistics (e.g., all recursively enumerable ones) impose rather lax constraints especially on finite sequences and do not exclude local, singular, improbable events. For example, a binary sequence such as 11111111111111111111111111111111 is just as probable as the sequences 11100101110101000111000011010101 and 01010101010101010101010101010101 and its occurrence in a test is equally likely, although the “meaning” an observer could ascribe to it is rather different. These sequences may be embedded in and be part of much longer stochastic sequences. If short finite regular (or “meaningful”) sequences are padded into long irregular (“meaningless”) ones, those sequences become statistically indistinguishable for all practical purposes from the previous sequences. Of course, the “meaning” of any such sequence may vary with different observers. Some of them may be able to decipher a sequence, others may not be capable of this capacity.

It is quite evident that per definition any finite regularity in an otherwise stochastic environment should exclude the type of high reproducability which one has gotten used to in the natural sciences. Just on the contrary: single “meaningful” events which are hardly reproducible might indicate a new category of phenomena which is dual to the usual “lawful” and highly predictable ones.

Just as it is perfectly all right to consider the statement “This statement is true” to be true, it may be perfectly reasonable to speculate that certain events are forecasted and controlled within the domain of statistical laws. But in order to be within the statistical laws, any such method needs not to be guaranteed to work at all times.

To put it pointedly: it may be perfectly reasonable to become rich, say, by singular forecasts of the stock and future values or in horse races, but such an ability must necessarily be not extendible, irreproducible and secretive; at least to such an extend that no guarantee of an overall strategy and regularity can be derived from it.

The associated weak forms of forecasting and event control are thus beyond any global statistical significance. Their importance and meaning seems to lie mainly on a very subjective level of singular events. This comes close to one aspect of what Jung imagined as the principle of “synchronicity” [16], and is dual to the more reproducible forms one is usually accustomed to.

Against the odds

This final paragraph reviews a couple of experiments which suggest themselves in the context of weak forecast and event control. All are based on the observation whether or not an agent is capable to forecast or control correctly future events such as, say, the tossing of a fair coin.

In the first run of the experiment, no consequence is derived from the agent’s capacity despite the mere recording of the data.

The second run of the experiment is like the first run, but the meaning of the forecasts or controlled events are different. They are taken as outcomes of, say gambling, against other individuals (i) with or (ii) without similar capacities, or against (iii) an anonymous “mechanic” agent such as a casino or a stock exchange.

As a variant of this experiment, the partners or adversaries of the agent are informed about the agent’s intentions.

In the third run of experiments, the experimenter attempts to counteract the agent’s capacity. Let us assume the experimenter has total control over the event. If the agent predicts or attempts to bring about to happen a certain future event, the experimenter causes the event not to happen and so on.

It might be interesting to record just how much the agent’s capacity is changed by the setup. Such an expectation might be defined from a dichotomic observable e(A, i) = +1 correct guess −1 incorrect guess

where i stands for the i’th experiment and A stands for the agent A. An expectation function can then be defined as usual by the average over N experiments; i.e., E(A) = 1 N N∑ i=1 e(A, i). ¿From the first to the second type of experiment it should become more and more unlikely that the agent operates correctly, since his performance is leveled against other agents with more or less the same capacities. The third type of experiment should produce a total anticorrelation. Formally, this should result in a decrease of E when compared to the first round of experiment.

Another, rather subtle, deviation from the probabilistic laws may be observed if correlated events are considered. Just as in the case of quantum entanglement, it may happen that individual components of correlated systems may behave totally at random exhibit more disorder than the system as a whole [17].

If once again one assumes two dichotomic observables e(A, i), e(B, i) of a correlated subsystem, then the correlation function C(A, B) = 1 N N∑ i=1 e(A, i)e(B, i) and the associated probabilities may give rise to violations of the Boole- Bell inequalities—Boole’s “conditions of possible [[classical]] experience” [18, 19, 20, 21] and may even exceed [22] the Tsirelson bounds [23, 24, 25] for “conditions of possible [[quantum]] experience.” There, the agent should concentrate on influencing the coincidences of the event rather than the single individual events. In such a case, the individual observables may behave perfectly random, while the associated correlations might be nonclassical and even stronger-than-quantum and might give rise to highly nonlocal phenomena. As long as the individual events cannot be controlled, this needs not even violate Einstein causality. (But even then, consistent scenarios remain [26].)

In summary it can be stated that, although total forecasting and event control are incompatible with free will, more subtle forms of these capacities remain conceivable even beyond the present laws of physics; at least as long as their effects upon the “fabric of phenomena” are consistent. These capacities are characterized by singular events and not on the reproducible patterns which are often encountered under the known laws of physics. Whether or not such capacities exist at all remains an open question. Nevertheless, despite the elusiveness of the phenomenology involved, it appears not unreasonable that the hypothesis might be testable, operationalizable and even put to use in certain contexts.

Quantum part

Quantum information

By coherent superposition, quantum theory manages to implement two classically inconsistent bits of information by one quantum bit. For example, consider the states |+⟩ and |−⟩ associated with the proposition that the spin of an electron in a particular direction is “up” or “down,” respectively. The coherent superposition of these two states (|+⟩ + |−⟩)/ √ 2 is a 50:50 mixture of these two classically distinct possibilities and at the same time is a perfect quantum state.

Based upon this novel feature, we speculate that we may be able to solve some tasks which are classically intractable or even inconsistent by superposing quantum states in a self-consistent manner. In particular, we could speculate that diagonalization tasks using not–gates may become feasable, although the capacities of agents within such semi-closed time loops may be limited by requirements of (self-)consistency which translate into bounds by the unitary quantum time evolution. These quantum consistency requirements, however, may be less restrictive than in the classical case [27, 28].

M G1 G2 t_2

t_1 ψ(t_1) ψ_3(t_2) ψ_4(t_2)

ψ_4(t_1) ψ_2 ψ_1

Figure 1: Mach-Zehnder device with backwards-in-time output ψ_4(t_2) which passes M and serves as input ψ_4(t_1).

Mach-Zehnder interferometer with feedback-loop

In what follows we shall consider a Mach-Zehnder interferometer as drawn in Fig. 1 with two input and two output ports [29]. The novel feature of this device is a feedback loop from the future of one output port into the past of an input port. Thereby we leave open the question of such a feedback loop into the past and how it can (if ever) be realized. Indeed, if one dislikes the idea of backwards-in-time communication, one may think of this feedback loop as a channel which, by synchronizing the beams, acts as if a beam from the future enters the input port, while this beam actually was emitted in the past from the output port.

If one merely introduced feedback as in classical electrical engineering, this would defy unitarity, as two input channels would be going into one forward channel, which could not be uniquely reversed. So one needs a a b d c

Figure 2: Reflection and transmission through a mirror with reflection coefficient β and transmission coefficient α.

feedback coupling that resembles a beam-splitter, as in Fig. 1. The operator M generates the effects of the feedback in time. These ”beam-splitters” are figurative. Their role is to couple the two incoming channels to two outgoing channels. The operator G_1 represents the ordinary time development in the absence of time feedback. The operator G_2 represents an alternate possible time evolution that can take place and compete with G_1 because there is feedback. We want to find in the presence of the feedback in time that is generated by the operator M. At the beam splitters, the forward amplitude is α, while the reflected amplitude is iβ. The beam splitters are shown in Fig. 2. They perform the unitary transformation |a⟩ = α|d⟩ + iβ|c⟩ |b⟩ = α|c⟩ + iβ|d⟩ (1) Here we assume for simplicity that α and β are real. We can invert this to obtain |d⟩ = α|a⟩ − iβ|b⟩ |c⟩ = α|b⟩ − iβ|a⟩ (2) The overall governing equations can be read from Fig. 2. At time t_2 the second beam-splitter determines ψ_3(t_2) and ψ_4(t_2). We have

ψ_3(t_2) ≡ ψ^′_3 = αψ_1(t_2) − iβψ_2(t_2) = αψ^′_1 − iβψ^′_2, (3) where the^′ indicates the time t_2 in the argument, and no prime indicates the time t_1. The wave functions ψ_1 and ψ_2 are determined at time t_2 by ψ_1(t_2) ≡ ψ^′_1 = G_1ψ_1(t_1) = G_1ψ_1, (4) ψ_2(t_2) ≡ ψ^′_2 = G_2ψ_2(t_1) = G_2ψ_2, (5) So that from eq. (3), ψ^′_3 = αG_1ψ_1 − iβG_2ψ_2, (6) and equivalently ψ^′_4 = αG_2ψ_2 − iβG_1ψ_1. (7) The propagator M is what produces the feedback in time, propagating from t_2 back to t_1, so that ψ_4(t_1) = Mψ_4(t_2), or ψ_4 = Mψ^′_4. (8) At the t_1 beamsplitter, ψ_1 = αψ − iβψ_4, (9) ψ_2 = αψ_4 − iβψ. (10) The Solution:

First, we want to eliminate the ψ_4 in eqs. (9) and (10), to get eqs. for ψ_1 and ψ_2. Then from eq. (6) we can obtain ψ^′_3. From eqs. (7) and (8), ψ_4 = Mψ^′_4 = αMG_2ψ_2 − iβMG_1ψ_1. (11) We plug this into eqs. (9) and (10), ψ_1 = αψ − iβ(αMG_2ψ_2 − iβMG_1ψ_1), (12) ψ_2 = α(αMG_2ψ_2 − iβMG_1ψ_1) − iβψ. (13) We can rewrite these as

ψ_1 = (1 + β^2MG_1)^{−1}(−iαβMG_2)ψ_2 + α(1 + β^2MG_1)^{−1}ψ, (14) ψ_2 = (1 − α^2MG_2)^{−1}(−iαβMG_1)ψ_1 − iβ(1 − α^2MG_2)^{−1}ψ. (15)

These are two simultaneous equations that we must solve to find ψ_1 and ψ_2 as functions of ψ. To solve for ψ_1, substitute eq. (15) into (14), ψ_1 = (1 + β^2MG_1)^{−1}(−iαβMG_2)[(1 − α^2MG_2)^{−1}(−iαβMG_1)ψ_1 −iβ(1 − α^2MG_2)^{−1}ψ] + α(1 + β^2MG_1)^{−1}ψ. (16) This can be rewritten as

[1 + α^2β^2(1 + β^2MG_1)^{−1}(MG_2)(1 − α^2MG_2)^{−1}(MG_1)]ψ_1 = (1 + β^2MG_1)^{−1}[−αβ^2MG_2(1 − α^2MG_2)^{−1} + α]ψ.

(17) If we write this as [X]ψ_1 = (Y )^{−1}[Z]ψ, (18) then we can simplify the equation as follows:

XY = 1 + β^2MG_1 + α^2β^2MG_2(1 − α^2MG_2)^{−1}MG_1nonumber (19) = 1 + β^2[1 + (1 − α^2MG_2)^{−1}α^2MG_2]MG_1nonumber (20) = 1 + β^2(1 − α^2MG_2)^{−1}MG_1, (21) and Z = α(1 − α^2MG_2)^{−1}(1 − α^2MG_2 − β^2MG_2)

= α(1 − α^2MG_2)^{−1}(1 − MG_2). (22) Thus,

ψ_1 = α[1 + β^2(1 − α^2MG_2)^{−1}MG_1]^{−1}(1 − α^2MG_2)^{−1}(1 − MG_2)ψ. (23) Then, using the identity A^{−1}B^{−1} = (BA)^{−1}, we finally obtain ψ_1 = α(1 − α^2MG_2 + β^2MG_1)^{−1}(1 − MG_2)ψ. (24) We can solve for ψ_2 similarly, by substituting eq. (14) into eq. (15), ψ_2 = −iβ(1 − α^2MG_2 + β^2MG_1)^{−1}(1 + MG_1)ψ. (25)

Notice that in the denominator term in both of eqs. (24) and (25), α and β have reversed the role of the operators they apply to. We can finally use eq. (6) to solve for ψ^′_3 = ψ_3(t_2),

ψ_3(t_2) = [α^2G_1D(1 − MG_2) − β^2G_2D(1 + MG_1)]ψ(t_1), where D = (1 + β^2MG_1 − α^2MG_2)^{−1}.

(26)

Important Special Cases (i) For commuting M, G_1 and G_2, D = β^2(1 + MG_1) + α^2(1 − MG_2), and ψ^′_3 = α^2G_1 − β^2G_2 − MG_1G_2 1 + β^2MG_1 − α^2MG_2 ψ(t_1). (27) (ii) For α = 1, β = 0: This is the case where there is no feedback. Here ψ^′_3 = G_1(1 − MG_2)^{−1}(1 − MG_2)ψ = G_1ψ. (28) (iii) For β = 1, α = 0: This is the case where there is only feedback. Here ψ^′_3 = −G_2(1 + MG_1)^{−1}(1 + MG_1)ψ = −G_2ψ. (29) (iv) G_1 = G_2 ≡ G :

ψ^′_3 = G[1 + (β^2 − α^2)MG]^{−1}(α^2 − β^2 − MG)ψ. (30) (iv’) If also, α^2 = β^2 =^1_2 : then ψ^′_3 = −GMGψ. (31) (v) If β << 1, which is expected to be the usual case, then the answer only depends on β^2 = γ. Also, α^2 = 1 − β^2 = 1 − γ. Then to lowest order in γ, the denominator D in eq. (26) becomes

D = [1 + γMG_1 − (1 − γ)MG_2]^{−1} = (1 − MG_2)^{−1} − γ(1 − MG_2)^{−1}(MG_1 + MG_2)(1 − MG_2)^{−1},

(32) so that

ψ^′_3 = {(1 − γ)G_1[1 − γ(1 − MG_2)^{−1}(MG_1 + MG_2)] − γG_2(1 − MG_2)^{−1}(1 + MG_1)} ψ = [G_1 − γ(G_1 + G_2)(1 − MG_2)(1 + MG_1)] ψ. (33) (vi) The case that corresponds to the classical paradox where an agent shoots his father before he has met the agent’s mother, so that the agent can never be born, has an interesting quantum-mechanical resolution. This is the case G_1=0, where there is a perfect absorber in the beam so that the system would never get to evolve to time t_2. But quantum mechanically, there is another path along G_2, the one where the agent does not shoot his father, that has a probability β without feedback. The solution in this case is

ψ^′_3 = −β^2G_2(1 − α^2MG_2)^{−1}ψ. (34)

We assume for simplicity that G_2 is just the standard time evolution operator G_2 = e^{−iE(t2−t1)/h̄}, (35) and M is just the simplest backwards in time evolution operator M = e^{−iE(t1−t2)/h̄+iφ}, (36) where we have also allowed for an extra phase shift. Then ψ^′_3 = −βe^{−iE(t2−t1)/h̄}[1 − α^2e^{iφ}]^{−1}ψ, |ψ^′_3|^2 = β^4 (1 − α^2e^{iφ})(1 − α^2e^{−iφ}) |ψ|^2, = 1 1 + 4(α^2/β^2) sin^2(φ/2)

|ψ|^2. (37)

Note that for φ = 0, ψ^′_3 = −e^{−iEΔt/h̄}ψ, for any value of β. That means that no matter how small the probability of the agent ever having reached here in the first place, the fact that he is here (α ≠ 1) guarantees that even though he is certain to have shot his father if he had met him (G_1=0), nonetheless the agent will not have met him! The agent will have taken the other path, with 100% certainty.

How can we understand this result? In our model, with φ = 0, we have G_1=0, and MG_2 = 1. Also, we will assume that β << 1, even though this is not necessary. The various amplitudes are |ψ_1| = 0, |ψ_2/ψ| = 1/β, |ψ_4/ψ| = α/β, |ψ^′_3/ψ| = 1. (38)

So we see that the two paths of the beam-splitter at t_1 leading to the path ψ_1 cancel out. But of the beam ψ, α passes through, while of the beam ψ_4, only β leaks through. So the beam ψ_4 must have a very large amplitude, which it does, as we can see from (38). In fact it has a much larger amplitude than the original beam. Similarly, in order that |ψ^′_3| = |ψ|, then ψ_2 must have a very large amplitude. Thus we see that there is a large current flowing around the system, between ψ_2 and ψ_4. But doesn’t this violate unitarity? The answer is that if they were both running forward in time, it would. But one of these currents is running forward in time, while the other runs backward in time, and so they do not in this case violate unitarity. This is how our solution is possible.

So, according to our model, in quantum mechanics, if one could travel into the past, one would only see those alternatives consistent with the world one left. In other words, while one could see the past, one could not change it. No matter how unlikely the events are that could have led to one’s present circumstances, once they have actually occurred, they cannot be changed. One’s trip would set up resonances that are consistent with the future that has already unfolded.

This also has consequences on the paradoxes of free will. It shows that it is perfectly logical to assume that one has many choices and that one is free to take any one of them. Until a choice is taken, the future is not determined. However, once a choice is taken, it was inevitable. It could not have been otherwise. So, looking backwards, the world is deterministic.

However, looking forwards, the future is probabilistic.

The model also has consequences concerning a many worlds interpretation of quantum theory. The world may appear to keep splitting so far as the future is concerned, however once a measurement is made, only those histories consistent with that measurement are possible. In other words, with time travel, other alternative worlds do not exist, as once a measurement has been made, they would be impossible to reach from the original one.

Another interesting point comes from examining eq. (37). For small angles φ we see that

|ψ^′_3|^2 = 1 1 + 4^{α2}_{β4} sin^2(φ/2) |ψ|^2 → 1 1 +^{α2φ2}_{β4}

|ψ|^2, (39)

so that the above result is strongly resonant, with a Lorentzian shape, and a width Δφ ∼ β^2, since α ∼ 1. Thus less “deterministic” and fuzzier timetravelling might be possible.

(vi) Sustaint case: if we require the input and output state to be identical; i.e., ψ_3(t_2) = ψ(t_1), then we obtain a sustainment condition (for commuting M, G_1, G_2) of

1 = G_1(α^2 − β^2M) + G_2(α^2M − β^2) − MG_1G_2. (40)

Another case is G_1 = G_2 = 1, a phase shift in M = e^{iφ}, and α = β = 1/ √ 2, for which we obtain |ψ^′_3| = |ψ|. For β = √ 1 − α^2 = 1/4,

|ψ^′_3| =

112 − 113 cos(φ) − 15i sin φ 54|1 − 7e^{iφ}/8|^2 |ψ| (41) We summarize by stating that the structure of a quantum time travel through a Mach-Zehnder device is rich and unexpectedly elaborate. This suggests totally new szenarios for the possibility of free will and the capacities available to an agent acting in such a time loop.

References

[1] Eugene P. Wigner. Remarks on the mind-body question. In I. J. Good, editor, The Scientist Speculates, pages 284–302. Heinemann and Basic Books, London and New York, 1961. Reprinted in [30, pp. 168-181].

[2] John A. Wheeler. Law without law. In John A. Wheeler and W. H.

Zurek, editors, Quantum Theory and Measurement, pages 182–213. Princeton University Press, Princeton, 1983. [30].

[3] Daniel B. Greenberger and A. YaSin. “Haunted” measurements in quantum theory. Foundation of Physics, 19(6):679–704, 1989.

[4] Thomas J. Herzog, Paul G. Kwiat, Harald Weinfurter, and Anton Zeilinger. Complementarity and the quantum eraser. Physical Review Letters, 75(17):3034–3037, 1995.

[5] David Hilbert. Über das Unendliche. Mathematische Annalen, 95:161– 190, 1926.

[6] Karl Svozil. Randomness & Undecidability in Physics. World Scientific, Singapore, 1993.

[7] Kurt Gödel. Über formal unentscheidbare Sätze der Principia Mathematica und verwandter Systeme. Monatshefte für Mathematik und Physik, 38:173–198, 1931. English translation in [31], and in [32].

[8] A. M. Turing. On computable numbers, with an application to the Entscheidungsproblem. Proceedings of the London Mathematical Society, Series 2, 42 and 43:230–265 and 544–546, 1936-7 and 1937. Reprinted in [32].

[9] Gregory J. Chaitin. Information-Theoretic Incompleteness. World Scientific, Singapore, 1992.

[10] T. Toffoli. The role of the observer in uniform systems. In G. Klir, editor, Applied General Systems Research. Plenum Press, New York, London, 1978.

[11] Karl Svozil. Undecidability everywhere? In Boundaries and Barriers.

On the Limits to Scientific Knowledge, pages 215–237. Addison-Wesley, Reading, MA, 1996.

[12] A. R. Anderson. St. Paul’s epistle to Titus. In R. L. Martin, editor, The Paradox of the Liar. Yale University Press, New Haven, 1970. The Bible contains a passage which refers to Epimenides, a Crete living in the capital city of Cnossus: “One of themselves, a prophet of their own, said, ‘Cretans are always liars, evil beasts, lazy gluttons.’ ”,— St. Paul, Epistle to Titus I (12-13).

[13] Philip Frank. Das Kausalgesetz und seine Grenzen. Springer, Vienna, 1932.

[14] John Friedman, Michael S. Morris, Igor D. Novikov, Fernando Echeverria, Gunnar Klinkhammer, Kip S. Thorne, and Ulvi Yurtsever. Cauchy problem in spacetimes with closed timelike curves. Physical Review, D42(6):1915–1930, 1990.

[15] Paul J. Nahin. Time Travel (Second edition). AIP Press and Springer, New York, 1998.

[16] Carl Gustav Jung. Synchronizität als ein Prinzip akausaler Zusammenhänge. In Carl Gustav Jung and Wolfgang Pauli, editors, Naturerklärung und Psyche. Rascher, Zürich, 1952.

[17] M. A. Nielsen and J. Kempe. Separable states are more disordered globally than locally. Physical Review Letters, 86(22):5184–5187, 2001.

[18] George Boole. On the theory of probabilities. Philosophical Transactions of the Royal Society of London, 152:225–252, 1862.

[19] Theodore Hailperin. Boole’s logic and probability (Studies in logic and the foundations of mathematics ; 85). North-Holland, Amsterdam, 1976.

[20] Itamar Pitowsky. Quantum Probability—Quantum Logic. Springer, Berlin, 1989.

[21] Itamar Pitowsky. George Boole’s ‘conditions od possible experience’ and the quantum puzzle. Brit. J. Phil. Sci., 45:95–125, 1994.

[22] G. Krenn and K.Svozil. Stronger-than-quantum correlations. Foundations of Physics, 28(6):971–984, 1998.

[23] B. S. Cirel’son. Quantum generalizations of Bellos inequality. Letters in Mathematical Physics, 4:93–100, 1980.

[24] B. S. Tsirel’son. Qantum analogues of the Bell inequalities. The case of two spatially separated domains. Journal of Soviet Mathematics, 36(4).

[25] B. S. Cirel’son (=Tsirelson). Some results and problems on quantum Bell-type inequalities. Hadronic Journal Supplement, 8:329–345, 1993.

[26] Karl Svozil. Relativizing relativity. Foundations of Physics, 30(7):1001– 1016, 2000.

[27] K. Svozil. On the computational power of physical systems, undecidability, the consistency of phenomena and the practical uses of paradoxa. In D. M. Greenberger and A. Zeilinger, editors, Fundamental Problems in Quantum Theory: A Conference Held in Honor of Professor John A. Wheeler. Annals of the New York Academy of Sciences 755, pages 834–841. New York Academy of Sciences, 1995.

[28] Karl Svozil. Consistent use of paradoxes in deriving contraints on the dynamics of physical systems and of no-go-theorems. Foundations of Physics Letters, 8:523–535, 1995.

[29] D. B. Greenberger, M. Horne, and A. Zeilinger. Multiparticle interferometry and the superposition principle. Physics Today, 46:22–29, August 1993.

[30] John Archibald Wheeler and Wojciech Hubert Zurek. Quantum Theory and Measurement. Princeton University Press, Princeton, 1983.

[31] Kurt Gödel. In S. Feferman, J. W. Dawson, S. C. Kleene, G. H. Moore, R. M. Solovay, and J. van Heijenoort, editors, Collected Works. Publications 1929-1936. Volume I. Oxford University Press, Oxford, 1986.

[32] M. Davis. The Undecidable. Raven Press, New York, 1965.