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Tesselationof thequantumfield andlocal connectivityof thecellularautomatontypeis investigated.A connectionbetween
thisclassofmodelsandlattice field theoryis established.Nonlocalmodelsarebriefly discussed.

1. The introductionof cellularautomatain theoreticalphysics [1] initiated severalingeniousspeculations
[2—6]concerningtheirapplicability tofield theory,culminatingin a sortof “atomization”ofacontinuousfield
functionq,(t, x) into discretelatticestates

(1)

of locally (usually nearestneighbor)connectedarrayelementsevolving in timesteps.Thisprocedureis often
calledtesselation;i aswell as n andii arediscretetimeandspaceparameters.

2. Theintentionhasbeennotjust to simulatea continuousfield phenomenology,butratherto considerfield
atomizationasfactual.Accordingto thisapproach,theperceptionof a seeminglycontinuousfield is causedby
insufficient experimentalspaceand time resolution.In this picture, themacroscopiclaws aretheyield of ele-
mentarymicroprogramson the cellularautomatonlevel. Hence,given a sufficiently largenumberof locally
connectedarrayprocessors(10100 percubic meteror so [5]), it would be possibleto reproducefield theory
exactlyby discretizingthestates~,~ aswell asthe coordinatesn, nof the continuousfield ~(t, x). Theamount
of informationperunit volume of space—timewould be finite. The macroscopictime evolutionwould conse-
quentlybethe resultof somelocal microscopiccellularautomatonrule ‘r symbolizedby

(2)

whereçon,{} characterizesan n-dimensionalneighborhood(naively three-dimensional),includingthe kernel
co,,,1 itself. As notedearlier,the field function~, takeson a countable(orevenfinite) numberN= card( {~,~‘~})
of states.

3. Thefollowing observationconcerningthetopology oftesselationswill beuseful: whenthe n-dimensional
cells (into which space—timeis divided) are contractedto singularpointssuchthat their connections(topolo-
gies)arekept,a dual latticeisproduced(seefig. 1). Fromatopologicalpointof view, thelatticerepresentation
is equivalentto a cellularautomaton.In thatway, resultsfrom latticetheorycanbereadilyappliedto cellular
automatatheoryandviceversa.

4. It will beargued,that field theorycannotbediscretizedin thewayenvisagedabove.However,onewayto
surmountdifficulties would betogive up the conditionof locality. Themajorsupportfor the argumentcomes
from a no-go theorem[7—9], statingthat for a verygeneralclass of fermion lattice theoriesunder “mild
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Fig. 1. Fig.2.

assumptions”it is notpossibleto constructunambiguousdispersionrelations,suchthat for vanishingenergy
thereis only oneallowedvalueof themomentum.Usuallyadditionalfermion stateswould appear,hampering
a latticemodel by overloadingits phenomenologiccontent(“speciesdoubling”). Theassumptionsof the no-
go theoremare:

(i) a local homogeneous(translationinvarianton thelattice)hermitianhamiltonian,bilinearin thefermion
fields;

(ii) locallydefined,conservedandquantizedchargesbilinearin thefermionfields (suchasthechiralcharge).
Thedilemmaestablishedby theno-gotheoremis asfollows: therecanbeno local, unitary,chargeconserving

theoryon thelatticewithoutequalnumbersof left- andright-handedfermionsforeachcombinationof quan-
tum numbers(charges).But the phenomenologyweperceivein nature(for instancein the electroweakinter-
actionsthehypercharges2 Y(VL) = 2 Y(eL) = Y(eR)= 1) conservescharges,is unitaryandhasno extrafermions
(suchas2 Y(VR) = 2 Y(eR)= Y(eL) = 1) emergingfrom puttingthefield onthelattice [7]. Hence,latticemodels
andthereforealso cellularautomataconceptsfail in thiscontext.

5. Oneobviousway outof this dilemmais to give up locality of the transitionlaw (2). In whatfollows a
promisinglatticefermionmodel isdiscussed,satisfyingall otherconditionsdespitelocality [10—13].Thebasic
technicalingredientis theapplicationof the finite elementmethodto quantumfield theory. There,undiffer-
entiatedfieldsappearasaveragesandderivativesasforwarddifferencesonthelattice.As aresult thefreeDirac
equation(iyô — m ) ~(x) 0 becomes[13] (Planck’sconstanth = 1 andthevelocity oflight c= 1, ifnotdenoted
otherwise):

/ ~ (—l’~”~
~ / —~m~ )~(n_t)=0. (3)

~ a~u)

Here,a(1u) is the latticeparameterin the ,i direction,e,, is 0 or 1 for each~t=0 3, and (n—c) standsfor
(n0 — ttl,..., n3 — e3), n~,eN. With the helpoftheFouriertransformation

W(fl)=(2~4 Jdw exp[i(a0n0E—anp)J, (4)

wherea(j) const.= a hasbeenassumed,the following dispersionrelationis obtained:

tan
2(Ea

0/2)=~ (a0/a)
2 tan2(p~a/2)+(mao/2)2 , (5)

which in thelimit E, p
1 ~ 1 reducesto

E
2=p2+m2. (6)
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Furthermore,it canbeshownthat the equal-timeanticommutatorrelationsare satisfied[13]:

{~,t(no,n),~v(n0,m)}=ônm/(2it)
3 (7)

Givenall field values~(no—l, is) atatime n
0—l, andthespatialFourier transform~(n0—l,p), yj(n) at the

nexttime stepn0 is explicitly givenby

W(fl)=(2~)3 ~ (8)

where,aftersomecalculation[131,

— iy0/ao+~],,,(y~/a)~ tan(p1/2)+lm/2
— — ~{,}e”~[aO

2 + ~] ,a -2 tan2(p,/2)+ (m/2)2]’

/ 3 (—l)~’ m
D(p)=( iy

0 ~ — —i ~ “ e’~+
1-s- ~

~ ~ a
0 j=1 ~ a ~.

Thistransitionlaw is nonlocal,sincefor thedeterminationof ~‘ knowledgeaboutall cellsw( n0 — 1, is) is neces-

sary. Furthermore,the complex field amplitudes~‘ in (8) are no discretestate functions.Sincelocality and
discretestatesare indispensablecriteria for cellularautomata,the abovemodel resemblesmoreanarrayof
(fictive) real number(not only floating point) processorelementswith infinite storagecapacity,eachcell
connectedto anyothercell of thearray.

6. In whatfollows, adiscretisationofthefield amplitudew is proposed,suchthat theenergyandmomentum

variablestakeon discretevaluespersite (n, is), in particular

E=k0e0, p~=k1p, (9a,b)

wherek0,k,eN ande0,petR.Furthermore,a quantumconditionon theproductof canonicalconjugateparame-
terpairs (a0,eo) and (a,p) couldbe imposed,

a0e0=ap=l, (10)

whereunity standsfor Planck’sconstant.The discretefield statescanthenbe definedby the statefunction

w(n0, is, k0,k), very much resemblingthe Wignerfunction.By defining~u:=2 tan—’ (m/2) dispersionrelation

(5) for somemotionalongapraxisreads

tan
2(k

0/2)=tan
2(k~/2)+tan2(pI2) . (11)

Forthelow-momentumregime/c~= 0, k
0(k~.=0,~u)=~, whereasfor the“massless”casej~= 0, k0(k~,~z= 0) = k3..

However,aphysicalinterpretationofthis procedureremainsto begiven.

7. Anotherway outof the dilemmaestablishedby the no-go theoremmaybe the abandonmentof (locally
defined) point particlesandtheir associatedquantumnumbers(chargesetc.).For extended“smearedout”
charges[5] the no-gotheoremis inapplicable,andfermiondoublingcouldbeavoided[14].

8. A third possibilityto circumventtheno-go theoremmaybea higher-dimensionalconfigurationspacewith
dimensionD> 4. In thiscase,it hasto beassumedthat for some(yetunknown)reason,dimensionalreduction
toD=4 occurs,suchthat thefour-dimensionalphenomenologyis a “shadow”of ahigher-dimensionalworld. I
shallrefertothisas“dimensionalshadowing”.

Theprojectionof ahigher-dimensionallocallattice (with nearestneighborconnections)ontoa lower-dimen-
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sionalspace,yields nonlocalconnections(topologies)in thelatterone,seefig. 2. More precisely,whenthere
existsa densityn( V,(D)) of point particlesperD-volumeelementV,(D) anda finite overall numberof parti-
clesN= >1n,( V~(D))=const.,thenlimD~{nE(V~)—o~’~}~0.In particular,anyfinite numberNof pointscan
berearrangedsuchthat thereexistsa “critical dimension”D* = N— 1 associatedwith an N-simplexfor which
thereis exactlyonepointperD*~dimensionalvolume elementandall pointsare locally connected.Projection
of this D*~dimensionallatticeontoanyhyperspacewith D < D* yieldsnonlocalconnectivities.Hence,in order
to beableto reproduceconnectivityof everycell with all othercells of the infinite arrayof (3)—(8) by dimen-
sionalshadowing,D* =

9. It hasbeenshownthatputtinga localfermionfield theoryon atesselatedspaceequivalentto itsdual lattice
yieldswell-known problemsofspeciesdoubling. Theremaybeseveralapproachesto circumventtheseobstruc-
tion. Threeof thosehavebeendiscussed.(i) Giving up the locality of thetransitionlaw. Thishasbeendis-
cussedin theframeworkofrecentdevelopmentsin thetheoryoffinite elements.The approachwouldgetsupport
from the nonlocality assumptionin the epistomologicinterpretationof the EPR paradoxon.(ii) Giving up
local definitionof quantumnumberswhich appearas “smearedout” chargesourcesetc. This methodis very
similarto sayingthata particleis a compositof severalcells. (iii) Dimensionalshadowingfromahigh-dimen-
sional(presumedlyac-dimensional)spaceontofour-dimensionalconfigurationspace.

Thetopologicalequivalencebetweena tesselatedspaceandcellularautomataon the onehandandlattice
field theoryon the otherhandallowsone to applytheoremsestablishedin eitherareaof researchto theother
one.Forinstance,it immediatelyfollows thata local latticefield theoryis a universalcomputer,a resultestab-
lishedfor continuumfield theoryrecently [15]. Moreover,local lattice field theory is ableto constructany
embeddablefield configuration(in particularreplicas),andthenset this configurationfree. Whethersucha
field canproduceconfigurationsmoresophisticatedthan itself out of its own andwith no specificationfrom
theoutsideseemsto bean unansweredquestionat present.

The authoracknowledgesdiscussionswith Anton Zeilinger. Thiswork wassupportedby BMWF, project
number19.153/3-26/85.
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